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Abstract: This paper achieves, among other things, the following: 

• It frees the main result of [BFKM] from the hypothesis of determinant 
class and extends this result from unitary to arbitrary representations. 

• It extends (and at the same times provides a new proof of) the main result 
of Bismut and Zhang [BZ] from finite dimensional representations of T to 
representations on an A— Hilbert module of finite type ( A a finite von 
Neumann algebra). The result of [BZ] corresponds to A =(D. 

• It provides interesting real valued functions on the space of representations 
of the fundamental group T of a closed manifold M. These functions might 
be a useful source of topological and geometric invariants of M. 

These objectives are achieved with the help of the relative torsion 1Z, first 
introduced by Carey, Mathai and Mishchenko [CMM] in special cases. The main 
result of this paper calculates explicitly this relative torsion (cf Theorem 0.1). 
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0. Introduction 

0.1 Summary of the results 

Let (M,xq) be a closed, connected manifold with base point x and p : 
T — ► GIa(W) a representation of T := 7Ti(M; xq) on an „4-Hilbcrt module W of 
finite type with A a finite von Neumann algebra. Denote by E — > M the vector 
bundle, associated to M and p, equipped with the canonical flat connection V. 
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Let p be a Hermitian structure of £ and r = (h, g') a (generalized) triangulation 
of M (cf subsection 0.2). 

The relative torsion is a numerical invariant associated to T = (M, p, p, g,r). 
Unlike the analytic torsion T an associated to (M, p, p, g), or the Reidemeister 
torsion Tn ei d associated to T (cf subsection 0.2), both of which are defined only 
when (M, p) is of determinant class (cf Appendix B) , 1Z is always defined. If 
(M, p) is of determinant class the relative torsion turns out to be the quotient 
of the analytic and Reidemeister torsion (cf (2.15)). However, as shown in 
Appendix B, there are many pairs (M,p) which are not of determinant class. 

Proposition 0.1 Assume pa is a Hermitian structure on the bundle induced 
by p which is parallel in the neighborhood of Cr{h). 

(i) log 1Z = f M \Cr(h) ajr w ^ ere a F * s a density on M\Cr(h), which vanishes on 
a neighborhood of Cr(h) and is a local quantity (cf subsection 0.2), depending 
on p,p,g, and X := —grad g ih. 

(ii) If p is parallel then 1Z = 1. 

Following the work of Bismut Zhang [BZ], we consider the closed one- form 
8{p,p) G O^M), the form $(TM, S ) e f2 n_1 (TM \ M; Otm) {Otm the ori- 
entation bundle of TM), and for two Hermitian structures p\ and p 2 on the 
bundle £ — > M induced from p, the smooth function V(p, pi, p 2 ) £ Sl°(M) (cf 
section 4). When p is parallel with respect to V on an open set U, U C M, then 
0(p,p) = on U. Denote by e(M,g) the Euler form associated with the Rie- 
mannian metric g. The triangulation r = (h,g') provides the vector field X = 
— grad g ,h which will be regarded as a smooth map X : M \ Cr(h) — > TM \ M. 
The above quantities are used in formulae expressing the change of the relative 
torsion when one varies the Ricmannian metric g, the Hermitian structure p, 
or the generalized triangulation r (cf Propositions 4.1-4.3). These formulae are 
used to derive the following 

Theorem 0.1 Assume p is a Hermitian structure on the bundle induced by p 
which is parallel in the neighborhood of Cr(h) and p is an arbitrary Hermitian 
structure. Then 1Z = 1Z(M, p, p, g, t) is given by 

\ogK= (-1)" +1 f 6(p,p )AX*(H>(TM,g))+ [ V(p,p,p )e(M,g)- 

JM\Cr{h) JM 

(-ir^v(p,p,p )(x). 

xGCr(h) 

In the case M is of odd dimension, the above formula for log 1Z simplifies, 

\ogK= f 6(p,p )AX*(*(TM,g))- V (—l) ind ^V(p, p, po)(x). 

JM\Cr(h) xeCr[h) 
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Since po is parallel in the neighborhood of the critical points the first integral in 
the formula evaluating R is convergent, and this is the reasons po is necessary. 
The formulas in Theorem 0.1 have been discovered by Bismut-Zhang in the case 
A = C (we choose a slightly different definition of 6(p, p) which is half of Bismut- 
Zhang's). Theorem 0.1, applied in this case, implies the main result in [BZ], as 
in this case 1Z = T an /Tn ei( i- The proof of Theorem 0.1 provides a conceptually 
new proof of the formula of [BZ]. In particular Theorem 0.1 also shows that the 
formula of Bismut-Zhang for the quotient of analytic and Rcidemeister torsion 
remains true for the quotient of L^— analytic and Reidcmcistcr torsions, cf 
subsection 5.1, Remark to Theorem 0.1. This answers a question, raised by 
several experts in the field. 

In [BFKM] , we have shown that for a unitary representations p of T with (M, p) 
of determinant class, T an = Tueid- Theorem 0.1 extends this result to an arbi- 
trary representation and reformulates this result in a way that it holds without 
the assumption of (M, p) being of determinant class. 

Denote by Rep(T;W) the space of representations of T on W. The group 
T is a finitely presented, let us say with generators 7i,...,7jv 1 an d relations 
iij(7i, 7jvi) = e r (1 < j < N 2 ). Hence Rep(T;W) is a level set of the 
holomorphic map induced by the relations, Gl^(W) Nl — ► Hom,j\(W) N2 and 
thus a complex analytic space (of infinite dimension if dirry^W is infinite). Us- 
ing 1Z(M, p, ji, g, t) we will construct in section 5.2 a smooth invariant for a 
pair of a closed odd dimensional manifold with fundamental group T and an 
Euler structure (cf section 5.2 for the definition of Euler structure). This in- 
variant will be a real analytic function on Rep(T;W). It will be shown in a 
forthcoming paper that this function and other similarly defined functions as- 
sociated with even dimensional manifolds, are locally the real part of holomor- 
phic functions on Rep(T; VV). As an example (cf section 5.2), we will calculate 
this function in the case M — N x S 1 with N a simply connected manifold 
of even dimension and E the canonical Euler structure on N x S 1 . In this 
case, Rep(T; W) ~ GIa(W) and the function is equal to (cf Proposition 5.1) 
-\xi N ) \ogdet{A* A) 1 / 2 where A G Gl A (W), det is the determinant in the 
sense of Fuglede- Kadison (cf . [BFKM] ) , and x(^V) is the Euler-Poincare char- 
acteristic of N. This calculation shows that the invariant is nontrivial. In [BFK 
5] we extend the results of this paper to the relative torsion for a homotopy 
triangulation. 

0.2 Definitions and outline of the paper 

Let (M,xo) be a closed manifold with base point xo, p ■ T —> GZ^(W) a rep- 
resentation of T := 7Ti(M;x ) on an ^l-Hilbcrt module W, £ — » M the vector 
bundle associated to p, equipped with the canonical flat connection V, and p a 
Hcrmitian structure of £. 

deRham complex: Denote by (Cl(M; £), d) the deRham complex of smooth forms 



4 



with values in £. Here dk '■ Q k — > i7 fc+1 is the exterior differential determined by 
V. A Riemannian metric g on M together with the Hermitian structure p on £ 
allow to introduce an inner product on £l k and therefore determine an adjoint 
d* k of d^. Denote by A& = d* k dk + dk-\d* kl the Laplacian on /c-forms. These 
Laplacians can be used to introduce s— Sobolev norms on f2. We denote by 
H s (A k (M;£)) the completion of with respect to the s-Sobolev norm. This 
leads to a family of complexes H S (A(M; £)) of .A-Hilbert modules. 

Analytic torsion T an : The Laplacians admit a regularized determinant 
detAj. in the von Neumann sense. If (M,p) is of determinant class (cf Ap- 
pendix B), these determinants do not vanish so that the analytic torsion can be 
defined by 

log T an (M,p, <?,//) := l/2^(-l)«+ 1 < z logdet A,. 

i 

(The concept of determinant class was introduced in [BFKM] Definition 4.1 
and will be reviewed in Appendix B.) 

Combinatorial complex: A generalized triangulation of M is a pair r = (h, g') 
with the following properties: 

(Tl) h : M — > ]R is a smooth Morse function; Q 

(T2) g' is a Riemannian metric so that —gra,d g ,h satisfies the Morse - 
Smale condition (for any two distinct critical points x and y of h, the stable 
manifold W% and the unstable manifold W~ , with respect to — grad g //i, intersect 
transversely) ; 

(T3) in a neighborhood of any critical point of h one can introduce local 
coordinates such that, with q denoting the index of this critical point, 

h(x) = h(0) -{x\ + ... + x 2 q )/2 + (x 2 q+1 +... + x 2 d )/2 
and the metric g' is Euclidean in these coordinates. 

A generalized triangulation r and a Let p : M — > M be the universal covering 
of M and denote by g and f = (h, <?') the lifts of g and r on M. Denote by 
Cr q (h) C M, resp. Cr q (h) C M, the set of critical points of index q of h, resp. 
h, and let Cr(h) = \J q Cr q (h). Notice that the group T acts freely on Cr q (h) 
and the quotient set can be identified with Cr q (h). 
An orientation 

O h := {Oi\x e Cr(h)} 

is provided by a collection of orientations Oj for the unstable manifolds W$ 
that are T-invariant. 

1 In [BFKM], the Morse function h was supposed to be selfindexing (h(x) = indexix) for 
any critical point x of h). For our proof of Theorem 0.1 (step 2), it is convenient to drop this 
condition (cf [BFK2]). 
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To the system (M, p, p,r,Oh,), we associate a cochain complex of finite type 
over the von Neumann algebra A, C = C(M, p, p,r,Oh,) = {C q ,S q }, where 
C q = ®xeCr q {h)£x, which can be identified with the module of T-equivariant 
maps / : Cr q (h) — ► W, and the maps S q : C q — > C q+1 are given by 

yeCr q (h) 

where v q : Cr q {h) x Cr q -i(h) —> Z is defined by v q (x,y) := intersection number 
(Wr n V, W£ n V) with V := h^ 1 (q- \). The cochain complex C(M, p, fj,, r, O h ) 
depends on \i only via p x ,x £ Cr(h). Let A° omb := S*S q + 6 q -i5*_ 1 denote the 
combinatorial Laplacian. 

Reidemeister torsion T^eid '■ A q ° mb admits a regularized determinant det A° omb 
in the von Neumann sense which, under the additional hypothesis of (M,p) 
being of determinant class (cf Appendix B), docs not vanish. Under this hy- 
pothesis, the combinatorial torsion can be defined 

logT comb (M,p,p,r) := 1/2 log det A c q omb . 

<? 

It can be shown that the combinatorial torsion is independent of the choice of 
Oh- Given a Riemannian metric <?, the metric part T met of the Reidemeister 
torsion is defined as in [BFKM] and the Reidemeister torsion Tr^ is then given 
by 

\ogT Reid := \ogT comb + \ogT met 



Relative torsion: Notice that the integration on the g-cells of the generalized 
triangulation r which are given by the unstable manifolds of — grad ff //i, defines 
a morphism 

Int : (Q,d) -> {C,S), 

i.e. Int q : f2 9 — > C q is an ^linear map so that 5 q Int q = Int q+ \d q (cf Appendix 
by F. Laudcnbach in [BZ] or [Bl]). We would like to define the relative torsion 
of the system (M, p, p, g, r) as the torsion of the mapping cone defined by the 
integration map. Unfortunately, the torsion of this mapping cone cannot be 
defined (at least not in an obvious way); a first difficulty comes from the fact 
that the integration maps Intk do not extend to closed maps, defined on a 
dense domain of H (A k (M; £)). However, for s sufficiently large, the integration 
morphism has an extension Int s 

Int, : H S (A(M;£)) C 
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to a bounded morphism. We then consider the composition g s 



g s :H (A(M;£)) 



(A+Jd)- 3 - 72 



H S (A(M;£)) 



Int s 



c 



and prove that g s induces an isomorphism in algebraic cohomology 
Ker(dk) /r&nge(dk-i) as well as in reduced cohomology (cf Proposition 2.5) 



is an algebraically acyclic cochain complex (i.e. Kerd(g s )k/Tsmge(d(g s )k—i) = 
0). In particular the complex C(g s ) is a cochain complex of „4-Hilbert modules (cf 
Lemma 1.11) whose Laplacians A(g s )k are unbounded operators which admit 
a nonvanishing regularized determinant det A(g s )h in the von Neumann sense. 
One of the purposes of section 1 is to establish this result. 

The relative torsion 1Z S is defined as the torsion T(C(g s )) of the mapping cone 



In section 2, we show that log7£ s is independent of s (s sufficiently large) and 
thus provide a well defined number which we denote by logTJ. 

As first shown in [CMM] in a slightly different and less general version, one 
verifies that if (M, p) is of determinant class, then log??. = log T an — log T^eid (cf 
(2.15)) where T an , resp. TR ei d, denotes the analytic torsion resp. Reidemeister 
torsion. The main result of [BFKM] can thus be stated as follows: When (M, p) 
is of determinant class and p is parallel then 1Z — 1. 

Representations: Let p : F — > Glj.(W) be a representation of T on a A— Hilbert 
module of finite type. The representation p" : T — > Gl^(W) dual to p is defined 
by p tt (7) := p(7 -1 )* (7 £ L) where * denotes the adjoint in Gl^(W) with respect 
to the inner product of W. The representation p is said to be unitary if p" = p. 
Notice that the flat bundle £ — > M induced by a unitary representation admits 
a parallel Hermitian structure. 

A representation p' : T —> GIa'(W) (W a ^'-Hilbert module of finite type) 
is said to be isomorphic to p if there exist an isomorphism 6 : A — ► A' ( with 
tr^'(6a) = tr^(a),Va e ^4) and an isomorphism 6 : W — > W, such that 6 is 
0— linear. As an example, we mention that p® p B and p" ® p are isomorphic. 



J^er(d fc )/range(d fe _i). 



This implies that the mapping cone C(g s ), defined by 




C(9s), 




k 
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We denote by Rep(T, W) the complex analytic space of representations (cf sub- 
section 0.1). 

Densities and local quantities: A density a on a manifold M of dimension n is a 
smooth n— form with coefficients in the orientation bundle Om — * M. Densities 
can be integrated on relative compact open subsets U C M, and the integral is 
denoted by j u a. 

In this paper, we use the word local quantity for an assignment which to any 
set of data Q := {£ — > M, V, n, g, X) consisting of a bundle £ — > M, a flat 
connection V, a Hermitian structure /z, a Riemannian metric g, and a nonzero 
vectorficld X on M, provides a density a(G) with the following properties: 

(PI) For any open set U C M, a(G\u) = a{G)\u- 

(P2) If (<p, $) is an isomorphism between Gi and £2 (i-e. : £ 1 — > £2 is a 
bundle isomorphism above the diffeomorphism : Mi — > M2 such that 
0*V 2 = Vi, 0> 2 = Mi, 0*.92 = 51, fX 2 - Xi) then 0*a(e 2 ) - o(5i). 

To a system T = (M, p, /1, r) we associate the set of data 
Gt = (£|m\o(M — > M \ Cr(h), V, /U, X) where (5 — > M, V) is the bundle with 
flat connection V, canonically associated to p and X = —grad g >h. 

Let us briefly comment on the proofs of the results stated in subsection 0.1: 
The proof of Proposition 0.1 (cf section 3 and subsection 4.2) uses the Witten de- 
formation of the deRham complex, given by the differentials dk(t) := e~ th dke th . 
We consider a deformation lZ(t) of the relative torsion TZ = 11(0), induced by 
the Witten deformation of the deRham complex. From many different possi- 
bilities for defining the deformation TZ(t) we choose one for which the variation 
\oglZ(t) can be computed. We define TZ(t) as the torsion of the mapping cone 
associated to 

(H (A(M;£)),d(t)) ^ (H {K{M;£)),d) H (C,S), 

which will be checked to be independent of s, cf Proposition 2.7 and Definition 
2.8. The variation of \og1Z(t) can be computed to be (cf Theorem 2.1) 

(0.1) ilogn(t) = dim£ x ■ J M he(M,g), 

where e(M,g) is the Euler form of the tangent bundle equipped with the Levi- 
Civita connection induced from g. It follows that logTZ(t) is given by log TZ + 
tf M he(M,g). 

To continue our discussion we say that a function G : 1R — > 1R admits an 
asymptotic expansion for t — > 00 if there exist a sequence i\ > «2 > • • ■ > ijv = 
and constants (a,k)i<k<N, {bk)i<k<N such that, as t — > exo, 
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(0.2) G(t) = Ef a k t^ + Ef b k t^ log* + o(l). 

For convenience, we denote by FT(G{t)) or FT t=00 {G) the coefficient ajy in 
the asymptotic expansion of G(t) and refer to it as the free term of the expan- 
sion. Notice that the equality (0.1) implies that loglZ(t) admits an asymptotic 
expansion of the form (0.2) with log 1Z as the free term. 

By different considerations outlined below, we derive the existence of an asymp- 
totic expansion for \oglZ(t) of the form (0.2) and calculate the free term of this 
expansion as the integral onM\ Cr(h) of a local density expressed in terms of 
g, [i and r. The proof of Proposition 0.1 will then be derived from the compari- 
son of these two calculations. Using Witten deformation we decompose logft(i) 
into two parts 

log ft (t) = logft sm (t) + log T Jo (i), 

and show that each of the two parts admit an asymptotic expansion of the form 
(0.2) whose free terms can be computed. Precisely, we consider the Witten 
deformation (f2(M; £ ), d(t)) of the deRham complex, d{t) — e~ th de th . For t 
sufficiently large, the deformed deRham complex can be decomposed, 

(fi(M,£),d(t)) = (fi aro (t),d(t)) © (fi Io (*)> <*(*)), 

corresponding to the small and the large part of the spectrum of the deformed 
Laplacians A k (t). This decomposition induces the decomposition 

{H Q (A(M;£)),d(t)) = (Q srn (t),d(t)) © {H QM (t),d(t)). 

The complex (Sl sm (t),d(t)) is of finite type. Denote by g s , S m{t) the restriction 
of g s ■ e th to fi sm (i), where e th : Q(M,£) — > Cl(M,£) denotes the multiplica- 
tion by e th . The mapping cone C(g SiSm (t)) is a cochain complex of ^l-Hilbert 
modules of finite type which is algebraically acyclic and has a well defined torsion 
denoted by lZ sm (t). As in [BFKM, section 6], one verifies that (Hoj a (t), d(t)) is 
algebraically acyclic and has a well defined torsion, denoted by Ti a (t). We prove 
that \oglZ(t) = loglZ sm (t) + \ogTi a (t) (cf subsection 3.1, statement (B)). 

To prove that log lZ sm (t) has an asymptotic expansion, we show that lZ S m (t) = 
T(C(f(t))) (cf Proposition 3.1), the torsion of the mapping cone induced by 

fit) : (n sm (t),d(t)) e " (n,d) 'A* (c,s) 

and use the Witten-Hclffcr-Sjostrand theory as presented in [BFKM] to prove 
that logT(C(f(t))) admits an asymptotic expansion of the type (0.2) and to 
compute its free term (Proposition 3.1). To analyze logT; a (t), we proceed as 
in [BFK1] or [BFKM]. We derive the existence of an asymptotic expansion 
for logT[ a (t) and a closed formula for its free term from Proposition 3.2 iii). 
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This result states the existence of an asymptotic expansion for the difference 
logTi a (t) — log T; a (t) where (M, p, p,g,r) and (M, p, p,g,f) are two systems 
whose Morse functions h and h have the same number of critical points in each 
index, and provides a formula for its free term. 

The proof of Theorem 0.1 ( cf subsection 5.1) uses the anomalies of the relative 
torsion (Propositions 4.1- 4.3) and Proposition 0.1. The locality of the density 
given Proposition 0.1 is essential for this proof. 

The paper is organized in 4 sections and two appendices. 

Section 1: In subsection 1.1 we single out a class of unbounded .4- linear opera- 
tors on „4-Hilbert modules ( A is a von Neumann algebra with finite trace ) for 
which the regularized determinant can be defined and in subsection 1.2 a class 
of complexes of „4-Hilbcrt modules for which the Laplacians are operators in 
the above class. Therefore the torsion of an (algebraically) acyclic complex of 
such type can be defined. These abstract results are needed because the map- 
ping cone of (a regularized version of) the integration map between the deRham 
complex and the combinatorial complex has as its components direct sums of 
„4-Hilbert modules of finite type and completions (with respect to a Sobolcv 
norm) of spaces of smooth sections in smooth bundles of .4-Hilbcrt modules of 
finite type (cf. [BFKM] for definitions). We show that the mapping cone of a 
regularized version of the integration map is a complex of the type introduced 
in subsection 1.2. 

Section 2: Using the results of section 1, we introduce in subsection 2.1 the 
notion of relative torsion 1Z and in subsection 2.2 the Witten deformation lZ(t) 
of the relative torsion 1Z and calculate its variation. 
Section 3: Proof of Proposition 0.1 in the case g = g' . 

Section 4: We investigate how the relative torsion 1Z(M, p, p, g, r) varies with 
respect to the Riemannian metric g, the Hermitian structure p and the trian- 
gulation r. Further we prove Proposition 0.1 in full generality. 

Section 5: Proof of Theorem 0.1 and the construction of an invariant for odd 
dimensional manifolds. 

Appendix A: For the convenience of the reader we present a proof of a slightly 
stronger version of a Lemma due to Carey-Mathai-Mishchenko. 

Appendix B: We review the concept of determinant class and provide a simple 
example of a pair (M, p), M := S 1 and p a representation of 7Ti(5 1 ) = Z on 
hC^), which is not of determinant class. The existence of such pairs motivates 
in part the concept of relative torsion. 

Throughout the paper the notions of trace (denoted by Tr), dimension, deter- 
minant etc. are always understood in the von Neumann sense. 
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1 Operators and complexes 
1.1 Operators 



Let Wi , yVi be .4-Hilbert modules and if : W\ —> W2 an operator. Denote its 
domain by domain(i^) C Wi and its range by range(<p) = ip ( domain (ip) I C W2. 



Introduce the following properties of ip. 
Op(l) ip is A-linear. 

Op(2) ip is densely defined, i.e. domain^) = W\. 

Op(3) ip is closed (i.e. the graph T(/p) of ip is closed in Wi x W2,). 

If, instead of Op(3), ip satisfies 
Op(3)' ip is closable 

we consider the minimal extension of ip and denote it again by ip. 

In the sequel, we will not distinguish between property Op(3) and Op(3)'. 

An operator ip satisfying Op(l) — Op{i), admits an adjoint, ip* (cf. e.g. [RS, p 
316]) and we can consider the nonnegativc, sclfadjoint operator ip*ip. Functional 
calculus permits to define the square root \ip\ :— {ip*ip) x / 2 . Then, for any < t < 
00, the heat evolution operator e - *'^' is bounded, nonnegative and selfadjoint. 
The operators \ip\ and e - *'^' satisfy the properties Op(l) — Op(3). In the sequel, 
if not mentioned otherwise, we assume that the operators considered satisfy 
Op(l)-pp(3). 

Denote by dP(X) = dP\ v \(\) the (operator valued) spectral measure associated 
to \ip\ defined by the orthogonal projectors J^|([0, A]) (0 < A < 00) 



Most of the operators ip considered in this paper will satisfy the following im- 
portant property 

Op{4) TrP\ v \([a, b}) < 00 (for any < a < b < 00 ) 




where 



(1.1) P M ([a,b}) := j b a + _ dP M (X). 



If ip satisfies Op(A) one can define the Stiltjes measure dF^(X) on the half line 
(0, 00), given by (0 < a < b < 00) 
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(1.2) J b a + _dF M (\)=TrP M ({a 1 b}). 

The next two properties concern the asymptotic behavior of TrP([a,b}) for 
b y oo and a \ : 

Op(5) TTiere existe a > such that 

7>P M ([l,A]) = 0(A a )forA/oo 

and 

Op(6) TrP M ([X, 1])= 0(1) /or A \ 0. 

If satisfies properties Op(4) and Op(6) one can define the spectral distribution 
functions, associated to \<p\, 

(1.3) F+(A)=Tr^|((0,A)); F M {\) := TrP M ((-oo, A)). 

The spectral distribution function i* 1 ^ (A) can be described variationally as fol- 
lows, (A > 0) 

(1.4) F|^|(A) = sup{A\vaL\L C domain(|<^|), _L Kertp, is an ^l-Hilbert 

submodule with < A||x|| Vx £ £} 

(cf e.g. [GS], [BFKM]). 

If, in addition, ip satisfies also Op(5), one can define the heat trace 0\ v \(t) asso- 
ciated to (p (excluding zero modes) 

(1.5) M (*):=/ o ~e- tA <if£|(A) (t > 0). 

Using integration by parts in the Stiltjes integral (1.5) one concludes from Op(5) 
that 

(1.6) M (t) = O(t-")(t\O). 

Next, let us introduce the 'partial' zeta function CLi( s ) associated to the heat 
trace 6\ v \(t) and defined for s £ C with Res > a (with a given by Op(5)) 

(1.7) tf v \{8):= ^i'r'^lP 

where r(s) denotes the gamma function. Notice that C^|( s ) is holomorphic in 
the halfplanc Res > a. 
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The following property is needed to define the notion of regularized determinant: 
Op(7) C[ v |( s ) has an analytic continuation at s = 0. 

A sufficient condition for Op(7) to hold is the existence of an asymptotic expan- 
sion of 6\<p\(t) near t = of the form 

(Asy) 8 M = YJj=o a i t ~ ai + a m + R(t) where m G ^>o, < a m _i 
< . . . < ao, ao, . . . , a m G IR and where R(t) is a bounded, continuous 
function with R(t) = 0(t p ) for some p G R>o- 

The fact that (Asy) implies Op(7) follows from the following lemma, using 
integration by parts. 

Lemma 1.1 Let f : (0, 1] — ► R be a continuous function of the form 

m— 1 

/(*) - a ^" 3 + a ™ + R w 

1=0 

with ao, . . . , a m ,a , . . . , a m _i and R(t) as in (Asy). 

Then, the holomorphic function £(x) := p^y Jq f(t)dt, defined for Res > 
ao, has a meromorphic continuation to the half plane Res > — p with p > 
as in (Asy). R has only simple poles, located at s = otj (0 < j < m — 1). In 
particular, £(s) is regular at s = and £(0) = a m . 

Some of the operators ip we will consider have the property that is not in the 
spectrum, i.e., 

Op(8) There exists e > with the property that TrP^([0,s}) = 0. 
If ip satisfies the properties Op(l) — Op(8), then 

(1.8) M (t) = 0(e-* e / 2 ) for t oo. 

Thus Jj 00 t s ~ 1 9\ ip \(t)dt is an entire function of s and, as a consequence, 

(1.9) $,(*):= ifo/r^M*)* 
is a holomorphic function in s G (C with 

(1.10) C(o)=o. 
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(Actually for C"|( s )) no zcta regularization is needed (cf [BFKM], subsection 
6.1).) 

For operators p satisfying properties Op(l) — Op(8), one can introduce the zeta 
function (\ v \(s) 

1 f°° 

for Res > a which has an analytic continuation at s = 0. This allows to define 
the volume of the operator p, Volip, by 

(1.11) logVol(<p) := logdet\p\ := -£\ s =o Cm 00- 

Definition 1.2 1. An operator p : Wi — > W2 is said to be of sF type (strong 
Fredholm type) if 

(i) <p satisfies Op(l) — Op(6) and 

(ii) dim(Kerip) := TrP M ({0}) < 00. 

2. An operator ip is a bounded operator of trace class if 

(i) ip is bounded (hence satisfies Op(l) — Op(3)); 

(ii) (p satisfies Op(A); 

(in) \\<p\\ tr :=/~AdF M (A) < 00. 

3. An operator pi is said to be (-regular if p satisfies Op(l) — Op(7). 
4- An operator ip is a bounded operator of finite rank if 

(i) ip is bounded; 

(ii) dim^rangc(</?)^ < 00. 

(As a consequence, ip satisfies Op(A) — Op(6) and (Asy) with m = and 
p = 1 and thus, Op(l) — Op(7) hold.) 

Notice that an operator ip : Wi — > W2 of sF type might not be bounded in the 
case where dimWi — 00. 

Proposition 1.3 (cf [Di]) Let u : Wi -> W 2 and v : W 2 —> W 3 be bounded 
operators with u, respectively v, of trace class. Then the composition vu is a 
bounded operator of trace class and \\vu\\ tr < |M| ||w|| tr , respectively, \\vu\\ < 

\Mtr \\u\\. 
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As the proof of Proposition 1.3 is fairly standard, we omit it. The following 
result will be used in the proof of Proposition 1.5, stated below: 

Lemma 1.4 Assume that ip : W — > W is a nonnegative, selfadjoint operator 
(i.e p — \ip\) of sF type. Let < a < b and assume that e > satisfies 
e < F v {a). Then one can choose a smooth function f e Cq°(KI>o; H) such 
that f(p) is a bounded operator of finite rank (hence f(<p) is of trace class and 
commutes with p ) with the following properties: 

(i) -F V +/( V )(A) = for A < a (in particular, tp + f(ip) is 1-1); 

(ii) F v+S ( v) (\) > e for A > a; 

(Hi) F v+f(v) (X) = F V (X) for \>b. 

Remark This lemma will be applied in the case when ip is a pscudodiffercntial 
operator. Then ip can be chosen so that f(ip) is a smoothing operator. 

Proof Let g : [0, oo) — > ]R be a smooth, increasing function defined on [0, oo) 
with g(\) = a for A < a, g(X) < A for a < A < b and g(X) = A for A > b. Let 
/(A) := g(\) — A and define 

/•OO 

f{<p) := / f(X)dP v (X). m 
Jo 

Proposition 1.5 

(A) If ip : W — > W is of sF type and u : W — > W is a bounded operator of sF 
type, then <p + u is of sF type. 

(B) If, in addition, pi and p + u are selfadjoint, nonnegative operators and u 
is of trace class, then there exists e > so that the difference Q(s) — C^+ U ( s )i 
defined for Res » 0, 

C» - C+Js) = ^ J t*- 1 ^) - e v+u {t))dt 

has an analytic continuation to Res > — e and its value at s = is equal to 
dim(Kerip) — dim{Ker{tp + u)). 

Remark If v is a bounded operator and p and u are operators as in Proposition 
1.5(B), one can, instead of v (t) and 9 ip+v {f), consider the function 9 v , v (t) ■= 

Trve-^{ld - -P v ({0})) and similarly, 8 V+U , v (t) := Trve'^+^^Id - P v+U 
({0})J. Notice that for v — Id, 9 v jd(t) = v (t) (t > 0). Both expressions, 
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: = r(3y/o 1<S 1 6< P A t ) dt and Cy+«,„(s) := 1^7 Jo* ^ define 



holomorphic functions for Res » and by the same arguments as in the proof 
of Proposition 1.5(B) (cf below) their difference is holomorphic for Res > —e 
for some e > and its value at s — is Tr{vP v {Q}) — Tr(vP v+u {0}). 

Proof of Proposition 1.5 (A) Since ip satisfies Op(l) — Op(3) and u is bounded, 
<p + u satisfies Op(l) and Op(2) as well. One verifies in a straightforward way 
that the graph of p + u is closed (and thus Op(3) is valid) and the null space 
Ker(p + u) has finite (von Neumann) dimension, ft remains to check that 
Op(A) and Op(5) hold for <p + u. To sec it, notice that, again by the variational 
characterization of the spectral distribution function, F V+U (X) < F lp (X+\ \u\\) < 
oo VA. Thus 



as (p satisfies Op(4) and Op(5). 

(B) First we prove (B) in the case where u is of the form u — f(p) with 
/ G C°° ^[0, oo); M^j being of compact support and such that ip + f(p) is 1- 

1. We claim that h(t) :~ 9 V+U (t) — 8 v (t) is real analytic near t = and 
satisfies h(0) = dim(Keri^). From Lemma 1.1 one then concludes that the 
difference Cj?( s )~ Cj,+/( ¥ ,) ( s ) = r^jy Jo 1 t s l h{t)dt is well defined and holomorphic 
in s for Res > a, has an analytic continuation to Res > — 1 and takes value 
dim(Keri^) at s = 0. To prove that h(t) is real analytic in t near t = and 
satisfies h(0) = dim(Ker<p) we argue as follows: Since <p> and f(p>) commute, 
e -t(<p+f( v )) _ e -t v = e -t<p^ e -tf(<p) _ ^ By assump tion, / has compact support, 

i.e. suppf C [0, K] for some K > 0. Therefore 



where ipx ■= J XdP v (X) is ip restricted to L := rangcP([0, K]). 

Using that F VK (X) is constant for A > K, we conclude, integrating by parts, 



/ii(i) := Tre-**" f (e-*^)-l) = J e-* x (e-*fW - l)dF VK (X) = 
= e - tA (e- 4 /( A ) - l)F(X) K 



which is real analytic in t and satisfies hi(0) = 0. Further, one obtains 



F V+U (X) = 0(X a ) for A/oo 
where a is given by Op(5), satisfied by ip, and 



F<p+u(X) = 0(1) for A \ 





h 2 (t) := Tr{e~^f^P VK+}{vK) m)-e-^P VK {{m 

= e~ tf W dim(Ker(</? + f(p))) - dim(Kcr^) = - dim(Ker< / 9) 
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which is real analytic in t as well and satisfies /12(C)) = — dimKcr(i^). We 
conclude that h(t) = h\(t) — h^{t) is real analytic in t and h(0) = dim(Ker<^). 
To prove (B) in the general case it suffices, in view of the first step and Lemma 
1.4, to consider operators <p and u so that, in addition, ip and tp + u arc 1-1 and 
satisfy Op(8). These additional properties allow to represent C^( s ) an d Cjp+«( s ) 
by a contour integral as follows: Choose e > so that ^(A) = F V+U (X) = for 
< A < e and consider the contour I\/ 2 = T_ U T U T + defined by 

r_ := {z = re~ iw \oo >r> 0};T := {z = |e v | - tt < n < tt}; 
r+ = {z = re m \e/2 < r < 00}. 

For A e T E / 2 , A — <p and X — p — u are both invertible and one computes 

#(A) := (\-ip-u)- 1 - {X-f)- 1 = 
= (A — tp)~ 1 u(\ — p — u)^ 1 . 

As u is a bounded operator of trace class we conclude by Proposition 1.3 that, 
for A e r e / 2 ) -R(A) is a bounded operator of trace class as well. By a standard 
argument one shows that for A e T e / 2l 

(1.12) ||(A-^)-i||<^ (<^) 
(1.12') ||( A -^- w )-i||<^ (<^). 

These estimates allow to represent the difference A(s) := (^(s) — C^+u( s ) by the 
following contour integral 

(1.13) A(s) = ^ J Fe/2 \-°TrR(\)d\ = A (s) + A + (s) + A_(s) 
where 

(1.14) ± A ± (s) = ^ J r± \-*TrR(\)d\. 
(1.14) Ao(s) = m Sr *- s TrR(X)d\. 

Notice that Aq(s) is holomorphic function for s G (D and A±(s) are holomorphic 
functions in a neighborhood of s = due to the fact that J°^ 2 jS+^p dx is 
absolutely convergent for \s\ sufficiently small. Moreover, A (Q) = and A + (0)+ 
A(0) = 0. ■ 
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Examples 1.6 

1. ip : Wi — > W2 bounded and dimWi < 00: then <p satisfies Op(l) — Op(7) and 
is of trace class. In fact, Op(6) follows from (Asy) which holds with m = and 
p = 1. Since Kerip C Wi is of finite dimension, <p is of sF type. 

2. <p : Wi — > W2 is bounded and dimW2 < 00 : then the adjoint <p* of ip is as in 
Example (1). Therefore <p satisfies Op(l) — Op(6) and (Asy) with m = 0,p = 1. 
Moreover ip is of trace class. However the dimension of the nullspace Kerip 
might not be finite. Therefore, it is useful to reduce ip to (p : Wi/ Kerip — ► WV 
Then ip is injective and bounded and dim{W\/ Kerp) < 00. 

3. ip of finite rank: then the reduced map <p : Wi/ Kerip — > W2 is bounded and 
injective and fits either into (1) or (2). 

4. Suppose (M,g) is a closed Riemann manifold and £ — > M is a smooth bundle 
of „4-Hilbert modules of finite type, equipped with a Hcrmitian structure p and 
a smooth connection V so that the ^l-action is parallel. Using g,p and V one 
can define inner products (•, -) s of Sobolev type on the space of smooth sections 
on £,C°°(£). (For s = 0, the connection V is not needed.) The completion 
of C°°(E) with respect to (•, -) s is a Hilbert space denoted by H s (£). Different 
choices of g, p, V lead to the same topological vector spaces H s (£), with different 
inner products, but equivalent norms. 

A pseudodifferential operator (^DO) of order d induces operators A : H s (£) — ► 
H s ,{£) which are bounded if s' < s-d. The operator (A + id)- s ' / 2 A(A + id) s / 2 : 
L2{£) — * Lz(£) has a kernel of class C k if s' < s — d—k—dimM. If A is an elliptic 
^DQ of order d > it satisfies Op(l) — Op(7) and (Asy) (with m := dimM and 
p = 1/k) cf [BFKM] section 2. Hence A is a ^-regular operator of sF type. 



1.2 Complexes 

In this subsection we introduce the class of ^-regular complexes of sF type and 
define their algebraic and reduced cohomology. In the case where a (^-regular 
complex of sF type is algebraically acyclic or, more generally, of determinant 
class, one can define its torsion. We recall Milnor's lemma which relates the 
torsions of a short exact sequence of complexes of finite (von Neumann) dimen- 
sion. Further, within our class of complexes, we discuss the notion of a mapping 
cone which is a complex induced by a morphism / between two complexes 
and show that if / is of trace class and induces an isomorphism in algebraic 
cohomology then the mapping cone is algebraically acyclic. Proposition 1.15 
relates, under appropriate conditions, the torsions of the mapping cones of two 
morphisms and their composition. The class of ^-regular complexes of sF type 
has been chosen so that it includes the mapping cone of a regularized version 
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of the integration map between the deRham complex and the combinatorial 
complex, which will be discussed in section 2. 

A cochain complex C = (d,di) of .4-Hilbcrt modules, 



consists of a finite sequence of „4-Hilbert modules d(0 < i < N) and operators 
di : Ci — > Cj+i, satisfying Op(l) — Op(3), with the property that ranged ) C 
domain(c? i+ i) and di + idi = 0. 

Notice that the null space Kerdi is always an ^4-Hilbert submodulc. 

Definition 1.7 For < i < N : 

algebraic cohomology: H l (C) := Kerdi /v&nge{di-\) 
reduced cohomology : H l {C) := _ft'erd i /rangc(d i _i). 

We point out that the reduced cohomology H (d) is an .4-Hilbert module 
whereas the algebraic cohomology H l {C) is, in general, not an ^4-Hilbert module, 
as range(c?i_i) needs not to be closed. H l {C) is always an A- module. 

Given a complex (d, di) we can define the adjoint operators d* : d+i — > C» and, 
in turn, the Laplacians Aj, 

(1.15) k i = d*d i + d i - 1 d*_ 1 

as well as the Hodge decomposition d — Hi © C,~ where 

(1.16) H t := if er(d 4 ) n Kerid*^). 

(1.17) C+ := rangc(di-i); Cr := range(dj). 

With respect to this decomposition, the operators di , d* and Aj take the form 



Co ^ Ci n . . . - C. 



Cat 



(1.18) 







d*di 
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We write := d i _ 1 d*_ 1 and := d*^ Note that d t : C { — ► Cf +1 and 
d* : C^ +1 — ► C t ~ are injective operators with dense image, (hence so are A^ and 
A^~,)and Hi is isometric to the reduced cohomology H\C). 

Definition 1.8 

(i) The cochain complex C = (Ci,di) is said to be of sF type if 

(CXI) the operators di satisfy Op(l) — Op(6) (and hence, in view of the injectivity 
ofdi, are of sF type); 

(CX2) dimHt < oo. 

(ii) A complex (Ci,di) of sF type is called (-regular if, in addition, 

(CX3) the operators satisfy Op(7). 

(Hi) A complex (d, di) is said to be of finite type (of finite dimension), if the A- 
Hilbert modules d are of finite type (of finite dimension) and the operators 
d} are bounded. 

Remark 1 The conditions (CXI) and (CX2) are equivalent to 
(CX12) the Laplacians Aj are of sF type 

and the three properties (CX1)-(CX3) are equivalent to 
(CX123) the Laplacians Aj are (-regular operators of sF type. 

Remark 2 Assume that Tti — for some io- Using the closed graph theorem 
one verifies that the following statements are equivalent: 

(a) H z ° (C) = 0; (b) d i() has a bounded inverse. 

Given a complex (Ci,di) of sF type, one can define the spectral distribution 
functions i*i(A) and Ni(X), 

(1.19) Fi(X) :=i^ i (A)( = F| 4 |(A));iV i (A) ~ F Ai (X). 
Then 

(1.20) N^X) = F^X) + F^X). 
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A complex (d, di) of sF type is said to be algebraically acyclic if H l (C) = for 
< i < N. 



Notice that for an acyclic complex of sF type, the spectrum of A, does not 
contain 0. In fact, in view of Remark 2 after Definition 1.9, there exists e > so 
that Ni(X) = for < A < e and the same is true for the spectral distribution 
function of A+ = d i _ 1 d*_ 1 and A^ = d*^. This allows to define the torsion 
T(C) of an algebraically acyclic complex of sF type, 



logT(C) := \ J2 q (-l) q+1 q log detA q 

( = I E g (-mog detA- = i E 9 (-l) 9+1 ^9 detA+) . 



More generally, the torsion T(C) can be defined if (C,d) is of determinant class, 
i.e. 



Definition 1.9 (i) A morphism f : C 1 — > C 2 between the complexes (C},di.i) 
and (Cf, d2,i) consists of a collection of bounded operators fi : C\ — ► Cf so that 

• /i(domain(c? M )) C domain(d 2 ,i); d 2 ,ifi = (on domain(d li j)). 
(ii) f is said to be of trace class if in addition, 

• the operators fi,di,^fi+i and fid\ i are bounded operators of trace class. 

A morphism / : C 1 — > C 2 induces ,4-linear maps in algebraic cohomology, 
H(f);: H 1 ^ 1 ) — > H l (C 2 ) and bounded .4-linear maps on the reduced coho- 
mology, H{f)i : ^(C 1 ) — ► H\C 2 ). Further, with respect to the Hodge decom- 
position, /j takes the form, 



where = H(f)i. 

For the convenience of the reader, we recall Milnor's lemma which was extended 
for complexes of „4-Hilbert modules in [BFK2] . Assume that 
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is a short exact sequence of complexes of finite dimension. It induces a long 
weakly exact sequence TL in reduced cohomology 

. . . - Tic 1 ) TT(C 2 ) H\C 3 ) S if+V) - . . . 



Proposition 1.10 (cf [BFK2, Theorem 1.5]) If three out of the four cochain 
complexes C ,C ,C ,H. are of determinant class, then so is the fourth and one 
has the following equality 

logT{C 2 ) = logTiC 1 ) + logT(C 3 ) + logT{H)- 

EA-mogT(o - C\ - Cf - Cf - 0). 



Remark In [BFK2], Lemma B2.8 was only stated for complexes of finite type. 
By the same proof, the result remains true for complexes of finite dimension. 

Given a C-regular complex of sF type, — > Co ^> . . . C2N+1 — ► 0, we can 
consider its dual. If Cjj := C2N+i-j, an d $■ := d 2N _j (adjoint of d 2 N-j), then 

n _> r f 4 H _> n 

u — > u — > . . . — > t- 2JV+1 — > u 

is a ^-regular complex of sF type. Notice that {d}-)*d\ = d 2N _j d 2N _j. Thus in 
case C is of determinant class, so is C and one obtains 

(1.22) T{&)=T{C). 

We end this subsection with a discussion of the mapping cone C(f) = (C(/)j, 
d(f)i) associated to a morphism / : C 1 — > C 2 between ^-regular complexes 
(C 1 , rfi) and (C 2 , tfo) of sF type. This is a complex given by 



(MCI) C{f\:=CU®C\- 
(MC2) d(f)i-- 
The Laplacians A(/)j of C(/) can be computed, 



'd 2t i-l fi 

di 



(1.23) A(/)i 



^2.1-1 + fi-lf*-l —d>2,i-l ' /i + /<-l ' 

-f*-d 2 , i -i + d 1 , i - 1 -f*_ 1 A hi + f*fi 



The following observation, will be used in order to introduce the relative L 2 - 
torsion without making the assumption that the manifold is of determinant 
class: 
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Lemma 1.11 (i) Let f : C 1 — > C 2 be a morphism of trace class between com- 
plexes C 1 and C 2 of sF type. Then the mapping cone C(f) is of sF type. 

(ii) If, in addition, C 1 and C 2 are (-regular, thenC(f) is (-regular. 

(Hi) If tp : C 1 — > C 2 is a morphism of trace class between (-regular complexes 
of sF type which induces an isomorphism in algebraic cohomology, then 
the mapping cone C(f) is algebraically acyclic and thus has a well defined 
torsion T(C(/)) (cf (1.21)). 



Proof (i) follows from Proposition 1.5 (A) by choosing :— 




and 

fi-lfi-l ~d\i-ifi + /i-l^l.i-l \ 

-f*d2,i-i+di t i-if*_ 1 f*fi ) 

By Remark 1 after Definition 1.8, the ipi are operators of sF type and, by 
assumption, the Ui are bounded operators of trace class. By Proposition 1.5, 
A(/)j is then an operator of sF type. Apply the same Remark 1 once more to 
conclude that (CXI) holds. Property (CX2) of Definition 1.8 is easily verified. 

(ii) follows from Proposition 1.5 (B) and Remark 1 after Definition 1.8. 

(hi) In view of (1-21) and the statements (i) and (ii) it remains to verify that C{f) 
is algebraically acyclic, i.e. that range((i(/)i_i) = Ker(d(f)i). Let (vi-i,Ui) G 
Ker(d(f)i) CC?_! @C\. Then 

-d 2 ,i-iUj-i + fiUi = ; dijUi = 0. 

In particular, f^i G rangc(c?2 ! i_i) and, as / induces an isomorphism in algebraic 
cohomology, Ui e rangc(c?i ;i _i), i.e. there exists £ C}_ 1 with Ui — di^-i 
Ui-i- As fidij^iUi^i = d 2 ,i~ifi-iUi-i, we conclude that -v t -i + G 
Kerd2 l i-i- Using once again the assumption that / induces an isomorphism 
in algebraic cohomology, one sees that there exists Vi_ 2 G Cf_ 2 and Ui-\ G 
Kerdij^i with -Vi-i + = + d 2 ,i-2Wi-2- 

Thus 

Vi-l = -d 2 S-2Vi- 2 + fi-l(Ui-l - Ui-l) 

and, as G Kerdis-i 

Ui = di :i -iUi-i = di t i-i(ui-i - Ui-i) 



Ui ■= A(/)j - ifi = 
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i.e. we have shown that (vi-i,Vi) £ ranged(/)i-i, and therefore that Kerd{f)i 
= ranged(/)i_i. ■ 

If / : (C,d\) — > {C,d,2) is an isomorphism of complexes of finite dimension we 
can use Lemma 1.11 together with Milnor's lemma to compute the torsion of 
the mapping cone C(f). Recall that the suspension EC = (ECi^di) of a complex 
C = (Ci,di) is the complex given by 

EC, = (SC)< := Cj_i(i > 1); SC := 0; 
s d; := -di-i (i > 1); do = 0. 



Proposition 1.12 Assume that C l = (C,dj)(j = 1,2) are (^-regular complexes 
of sF type and of finite dimension. If f : C 1 — ► C 2 , is an isomorphism, then the 
mapping cone C(f) is algebraically acyclic and 

logT{C(f)) = ^(-lyiog vol(f,) 



Proof By Lemma 1.11, C(f) is an algebraically ^-regular complex of sF type. 

First we treat the case where, in addition, C 1 (and then C 2 as well) is algebrai- 
cally acyclic. Consider the following short exact sequence of cochain complexes 

0-£(C,d2)^C(/)£(C,di)-0 
where J (respectively P) is the canonical inclusion (canonical projection). 

By Proposition 1.10, the corresponding long weakly exact sequence H in reduced 
cohomology is of determinant class and 

logT(C(f)) = logT{HC 2 ) + logTiC 1 ) + logT(H). 
Notice that H is given by 

. . . -» if (EC) -» if (C(/)) -» if (C) ^ if +1 (EC) . . . 

where the connecting homomorphism if(o~,) is given by the restriction if(/i) of 
/< to if +1 (£C) = if (C) into if (C). Therefore 

; 05 t(w) = ^(-iyz <7 voi(H(fi)). 

By Lemma 1.13 below, logT(T,C 2 ) — —logT(C 2 ). As f%+\d\ t i — d 2 ,ifi we con- 
clude that = {fj^i)~ 1 d 2t if[~ where : — ► C 2,± are the restrictions of 
fi to Cj 1 ' and are isomorphisms as well. 
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Thus 



logTiC 1 ) = 



+ 
+ 



iE(-i) 
iE(-i) 



jE(-i) 
iE(-i) 



iE(- 



Zog det(dl jrfj J 

log detif+J^)- 1 

2,id.2,i) 



- 1 )*(/ii)- 1 d 2l i/D 



Zog det(d 
lyiog dettfrf. 



1 



logT(C 2 ) + Ei(-lY(log vol(f+) + log vol(fr))- 



Combining the equality above yields 

logT{C(f)) 



= E(-lNog vol(f+) + log vol(fr)) 
+ E(-l)*ioff vol(H(fi)) 
= Z(-l)Hog vd(fi). 



To prove the result in general we consider a deformation (C, di(e)) of the complex 
(C,rfi), depending smoothly on the parameter e, so that, for e ^ 0,(C,d\(e)) 
is algebraically acyclic. The operator d\{e) is constructed as follows: with 
respect to the Hodge decomposition d = Hi © C 4 + © ,d\^ takes the form 
/ \ 

=10 d x i where d li : — > Consider the polar decom- 

V ' / 

position of d lti ,d lti = where ^ := ^(d^d^) -1 / 2 : Cr — ► Cf +1 is an 

isometry and rji is given by rjt := (d* jdj J 1 / 2 . The operator rji admits a spectral 
decomposition; r\i — XdPi(X). Define rji{e) := f^(X + e)dPi(X) and let 
e?i := £iVi{ £ )- Then d lii (e) is an isomorphism and thus of determinant class. 
Now consider C\ = (C,d l7 (e)) where the operator di i ,(e), with respect to the 

/ \ 

Hodge decomposition of (C, di), is given by di,j(e) = d lf (e) .Define 

\ ' / 

(C,d 2 (s)) where d 2>i (e) := /+ x d^ e {fr)-\ Then, for any e, / :(C,di(e)) - 
(C, d2(e)) is a morphism and, by the argument above, the torsion T(C e (f)) of 
the mapping cone C £ (/) induced by / : (C,di(e)) — ► (C,d 2 (e)) is given by, for 
e^O, 

logT{C e {f)) = ^(-l) 4 /o. 9 ^(/O 

which is independent of e. As C e (/) is algebraically acyclic for all values of e 
and logT(C e (f)) depends continuously on e, we conclude that 

logT(C(f)) = ^(-lYlog vol(fj). ■ 

3 
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Lemma 1.13 (i) Let C be a (-regular complex of sF type. Then the mapping 
cone C(id) is an algebraically acyclic (-regular complex of sF type and satisfies 
logT(C{id)) = 0. 

(ii) If C is an algebraically acyclic, (-regular complex of sF type, then so is EC 
and satisfies 

logT(EC) = -logT(C). 

Proof (i) By Lemma 1.11, C(id) is an algebraically acyclic ^-regular complex 
of sF type. Use Lemma 2.4 to conclude that 

logT(C(id)) = - ^(-l)« +1 Zo 5 det(A q + id) = 0. 

(ii) It follows from Definition 1.9 and the assumptions that EC is an algebrai- 
cally acyclic, ^-regular complex of sF type. Its torsion is therefore well defined, 
and by (1.21) 

/o 5 T(EC) = %E(-l) g+1 Zog <fe*( A(gg) ~) 

= -±E(-l) g+1 ^5 <fet(47) = -logT(C). m 

The following Lemma 1.14 is due to Carey, Mathai and Mishchenko [CMM]. 
For the convenience of the reader we include its statement. As the proof in the 
preliminary preprint [CMrVlQ is somewhat incomplete, we refer the reader to 
Appendix A for a detailed proof. Let 

(1.24) o->C x -^c4c 2 ->Q 

be an exact sequence of cochain complexes of sF type where the complex C = 
(Ci, di) is given by C t = C\ © Cf and 

with fi : Cf — > C} +1 satisfying 

(1.26) fi (domain (c?2,i)) Q domain(di i i+i) and 

(1.27) fi+id 2 ,i + dx ti+1 fi = (on domain(d 2 ,i)) 

2 The first author thanks Mishchenko for kindly making the preliminary preprint available 
to him. 
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so that di + \di = 0. The morphism I [rcsp. P] in (1.24) denotes the canonical 
inclusion [resp. canonical projection]. 

Lemma 1.14 ([CMM]) Assume C 1 and C 2 are (-regular complexes of sF type 
which are algebraically acyclic and fi : Cf — > C} +1 are bounded maps of trace 
class so that (1.26) and (1.27) are satisfied and d\ i fi as well as fid\ { are 
bounded operators of trace class. Then the complex C, given by (1.24) ~ (l-%5)> 
is an algebraically acyclic, (-regular complex of sF type and 

(1.28) logT(C) = logT{C v ) + logT(C 2 ). 
Proof: cf [CMM] or Appendix A. 

Proposition 1.15 Suppose that C 1 , C 2 and C 3 are (-regular complexes of sF 
type and f\ : C 1 — > C 2 and f 2 : C 2 — > C 3 are morphisms of trace class which 
induce isomorphism in algebraic cohomology. Then: 

(i) f := fi o f 1 is a morphism of trace class; 

(ii) the mapping cones C(fi),C(fo) and C(f) are (-regular complexes of sF 
type; 

(Hi) C(/i),C(/2) andC(f) are algebraically acyclic (and thus their torsions are 
well defined). 

(iv) If in addition, either C 3 (case 1) or C 1 (case 2) is of finite type, then 
logT(C(f)) = logT{C{h)) + logT(C(f 2 )). 

Proof The proof is an application of Lemma 1.13 and Lemma 1.14. 
Case 1 (C 3 is of finite type): Consider the diagram 
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SC(*d 3 ) 

SC(-/ 2 ) ^ C(fe) 5 C(/) - 
(1-29) | A 

C(/i) 


where C(fi),C(—f2),C(f) and C(ic? 3 ) are mapping cones, hence C(/i); = C 4 2 _ x © 
Ci,C(-f 2 )i = Cf_i ®Cf,C(f)i = Cf_i ®C} and C(irf 3 )i - © Cf. The 
morphism /i : C(/i) — > C(ids), is given by the operators /i, : Cf_ x © Cj 1 — ► 



(1.30) »,:=(V fl 



One verifies that hi are bounded maps of trace class. Denote by C(h) the 
mapping cone of h, hence C(h)i = (Cf_ 2 © Cf_ x ) © (Cf_ 1 © C/). Further 7i, 
respectively I 2 , are the canonical inclusions, 

h : Ct 2 © CU - (Cf_ 2 © Cti) © (C?_! © C, 1 ) 

and 

I2 '■ Cf_ 2 © — > (Cj_ 2 © © (Cj 2 _ x © Cj 1 ) 

whereas Pi and P 2 denote the canonical projections on the complement of the 
images of I\ resp. I 2 . One verifies (cf (1-29)) that 

(1.31) -f T,C(id 3 ) ^ C(h) ^ C{h) -> 
and 

(1.32) - £C(-/ 2 ) ^ C(fc) 5 C(/) - 

are short exact sequences of cochain complexes. First notice that by Proposition 
1.3, / = / 2 ■ fi is a morphism of trace class which proves (i). 

By Lemma 1.11, C(/i),C(/ 2 ) and C(f) are algebraically acyclic, ^-regular com- 
plexes of sF type and, by Lemma 1.13, C{idz) and SC(/j), EC(/ 2 ), T,C(ids) are 
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algebraically acyclic, ^-regular complex of sF type. We would like to apply 
Lemma 1.14 to (1.31) and (1.32). For this purpose, observe that, given hi : 

C{h)i 
tion 



) d — > C{idz) = Cf_ l © Cf, d(h)i admits the following decomposi- 



d(h)i 





hi 





d(C(hh , 



(1.33) 








\ 

fi 







-dz.i-i 













C?2,i-1 


fl,i 




V o 








di,i J 



Using this decomposition, all assumptions in Lemma 1.15 which have not yet 
been proved can be verified in a straight forward way. 

Therefore, we can apply Lemma 1.14 to (1.31) to conclude that C(h) is an 
algebraically acyclic, ^-regular complex of sF type and 



(1.34) 



logT{C(h)) = logT{Y,C{ids))+lo 9 T{C{h)) 
= logT(C{h)) 



where we used that, by Lemma 1.13, 

/o 5 T(SC(id 3 )) = -logT(C(id 3 )) = 
In order to apply Lemma 1.14 to (1.32), notice that 



d(£C(-/ 2 ))i 







d(C(f))i 



(1.35) 




^ ^3,i-2 +/2,i-l 

-da.i-1 


k \ 


= d{h)i 







{ 


—ds,i-i 



fi 

d\,i ) 


where, 


in 


view of (1.33), hi 


: C(f)t = 




) c\ - cu © cf 



SC("/2)i+l 



given by /i l 



. As C 3 is of finite type, id 3 ,i : Cf —> Cf and 



-id 3ti -i 


therefore hi are bounded maps of trace class. Again one verifies that all other 
assumption in Lemma 1.14 are satisfied. Thus we can apply Lemma 1.14 to 
(1.32), to conclude that 



(1.36) 



logT{C(h)) = logT{HC{-f 2 ))+logT{C{f)) 
= -logT(C(-f 2 )) + logT(C(f)) 
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where for the last identity we again used Lemma 1.13. Notice that the morphism 

$ : C(/ 2 ) - C(-/ 2 ), given by - ( ^ _ /d ) : £*_! © Cf - Cf_ x © C?, 

is an isometry and therefore logT(C{— $2)) = io<7T(C(/ 2 )). Combining this with 
(1.34) and (1.36) we conclude that statement (iv) in case 1 is proved. 

Case 2 (C 1 of finite type): In view of (1.22) it suffices to consider the dual 
complexes, to which we can apply case 1. ■ 



Proposition 1.16 Suppose that C 1 , C 2 and C 3 are (-regular complexes of sF 
type and fi'.C 1 ^ C 2 ,./2 : C 2 — > C 3 are morphisms which induce isomorphisms 
in algebraic cohomology and denote by f the composition f := / 2 0/1. Then the 
following statements hold: 

(i) If fi is an isometry and $2 is of trace class, then the mapping cones C(/ 2 ) 
andC(f) are algebraically acyclic (-regular complexes of sF type. Moreover 



logT(C{f 2 )) = logT(C{f)). 

(ii) If fi is an isometry and f\ is of trace class, then C(fi) and C(f) are 
algebraically acyclic (-regular complexes of sF type. Moreover 



logT{C{h))=logT{C{f)). 



Proof The assumption imply that in case (i), C(/ 2 ) and C{f) are isometric 
whereas in case (ii), C(/i) and C(f) are isometric. From this observation and 
Lemma 1.11 the claimed results follow. ■ 



2 Relative torsion and its Witten deformation 

In subsection 2.1 we introduce the relative torsion (cf [CMM]). As already men- 
tioned in the introduction, the relative torsion cannot be defined as the torsion 
of the mapping cone associated to the integration map, denoted by Int, as Int 
cannot be extended to a closed morphism on L 2 (A(M;£)). To circumvent this 
difficulty we consider s > f + 1, and the composition 

L 2 (A(M;£)) = H (A(M;£)) < A+ MT /2 H S (A(M;£)) ^ C 

where H s (A k (M; £)) denotes the completion of the space Q k (M;£) of smooth 
fc-forms with respect to the s-Sobolev norm, denotes the /c-Laplacian, Int s is 
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the extension of Int to H S (A(M;£)) and C denotes the combinatorial complex 
associated to £ — > M, p and a generalized triangulation t = (h,g'). It turns 
out that the composition Int s ■ (A + Id)~ s / 2 is a morphism of trace class which 
induces an isomorphism in algebraic cohomology and, therefore, the correspond- 
ing mapping cone C(Int s (A + Id)~ s / 2 ) is algebraically acyclic. We show that it 
admits a torsion, called the relative torsion 72 associated to £ — > M, g, p, r, and 
that this torsion is independent of s > ^ + 1. In the case where £ — > M is of 
determinant class (cf [BFKM]), one can show that, log 72 — logT an — logT^^ 
where T an [Tn ei( i] is the analytic [Reidcmeister] torsion. 

To prove that log 72 is a local quantity (in Section 4), we will use the Witten de- 
formation of the deRham complex, given by the differentials dk(t) := e~ th due th . 
There are different possibilities for defining the corresponding deformation 72(4) 
of the relative torsion. We chose one for which the variation 4? log 72.(4) can be 
computed. By definition, lZ(t) is the torsion of the mapping cone associated to 

(L 2 (A(M;£)),d(t)) e " (L 2 (A(M;£)),d) ""•■<A+w)-' a c . 
We will show, Theorem 2.1 subsection 2.2 that the variation 4^ log 72(4) is given 

by 

d f 

— log 72(4) = dim £ x / he(M,g) 

at J m 

where e(M, g) is the Euler form of the tangent bundle equipped with the Levi- 
Civita connection induced from g. 

2.1 Relative torsion 

Let M be a closed smooth manifold, £ M a smooth bundle of .4-Hilbert mod- 
ules of finite type equipped with a smooth flat connection V, which makes the 
fibcrwise multiplication with elements of A V-parallel. Unlike in [BFKM], or 
[BFK1] we do not restrict to the case where the Hermitian structure \x provided 
by the scalar product fi x of the fiber £ x of £ (x G M) is V-parallel. 

We denote by £ s -> M the dual bundle of £ -> M. This is a bundle of AHilbert 
modules of finite type with fiber £ x , the Hilbcrt space dual to £ x . 

The flat connection V = Vf induces a flat connection V" := V £ tt- £ — > M 
and f» M are canonically isometric as bundles by an ^l-linear isometry, but 
this isometry does not intertwine V and V* 1 unless the Hermitian structure fi is 
V^-parallel. If £ — > A'/, V is induced by the representation p of T = 7Ti(M, a;o) 
then 5" — > M, V s is induced by p" . Each of these connections induces a covariant 
differentiation, 
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and 

4 = d fciV » : ft fe (M;£») - Q fe+1 (M;£») 

where fl k (M;£) := C oc (A k (T*M) £) and where Q fe (M;£») is defined simi- 
larly. The isomorphism induces a canonical isomorphism, again denoted by 9, 
between D, k (M;£) and Q k (M;£^). To simplify notation, we write A k (M;£) for 
the AHilbert module of finite type, A k (M;£) := A k (T*M) ® £ . 
Given a Riemannian metric g on M, let J k ,s ■ A k {M;£) -> A n - k (M;£$) (with 
n = dimM) be the morphism of .A-Hilbert modules defined by Jk,e ■— Jk <8> 
where J k ■ A k (T*M) -> A™~ fc (T*M) is the Hodge-star operator induced by 5. 

Denote by d* k : n k+1 (M;£) ft fc (M;£) the operator defined by the composi- 
tion 

(2.1) d% = d* k w := (-1)^-1 J n _ k £t o 4_ fe _ 1;V » o J fc+1>£ . 

Further we define a scalar product <•,•>: il k (M;£) x f2 fc (M;£) — > C given 
by 

(2.2) < tOi, w 2 >:= J M W\ A £ *w 2 d vol g 
where *w 2 = J k .s w 2 an d Af is defined by 

ft fe (M;£) x n k (M;£) Id ^ k ' £ n k (M;£) x 0™- fc (M; £ J ) 
A ft"(M,£®£ J ) ™ ft"(M;<D), 

(Wl,!«2) I— ► (lOl, *W 2 ) I— > Wl A *1«2 !— ► Wl Af *W2 

and ei> is the map induced by the evaluation map £ x ® £\ — ► (D. Notice that 
with respect to the inner product <C •, • 3>, d£ is the formal adjoint of dk, i.e. 
for to! G n k (M,£),w 2 e n k+1 (M;£) 

<C W\,d%w 2 >=< d k wi,w 2 > . 
Introduce the Laplacians 

(2.3) A fe = d* k d k + : 5) - ft fc (M; £) 
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which are second order, elliptic essentially selfadjoint nonnegative ,4-linear ope- 
rators. In particular, as M is closed, (Id + A k ) : tt k (M;£) — > Q k (M;£) is an 
isomorphism of Frechet spaces. Using functional calculus, one can define the 
powers (Id + A k ) s (s G H arbitrary). They can be used to define a family of 
scalar products on O fc (M, £) by setting 

(2.4) < iOi,io 2 > s :=< (Id + A k ) s / 2 wi,(ld+ A k ) s ^w 2 » . 

Clearly, <C •, • 3> s depends on the Hcrmitian structure \x and the Riemannian 
metric g. As d k A k — A k+ id k and A k d* k = d£Afc+i, djjl is also the adjoint of 
d k with respect to the inner product <C •, • 3> s • Denote by H s (A k (M;£)) the 
completion of f2 fc (M; £ ) with respect to the norm induced by the scalar product 
<C •, • ^> s . As M is supposed to be closed, one obtains a family of complexes 

— > . . . — > H s (A k (M; £)) ^ H s (A k+1 (M; £)) -> ... -► 

which we denote by H S (A(M;£)) = (H s (A(M;£)),d). Here d fe : H s (A k (M;£)) 
— > -ff s (A fe+1 (M; £ )) is the maximal closed extension of 

d fe : Q fe (M;£) -» O fe+1 (M;£:), 
its domain is i7 s+ i(A fc (M; £)). 

As mentioned in Examples 1.6 (4), H S (A(M,£)) are ^-regular complexes of sF 
type and the morphisms 

(1 + Afe)*/ 2 : H s (A k (M- £)) - tf s _ t (A fc (M; £)) 

establish an isometry between the complexes H S (A(M; £)) and H s - t (A(M; £)). 
The adjoint of (4 with respect to the L2-fnner product, d\ : H s (A k+1 (M; £)) — ► 
H s (A k (M;£)), is given by the maximal closed extension of d£ : f2 fc+1 (M;£) — ► 
tt k (M;£) (which depends on s). 

Consider a generalized triangulation r = (h,g') of M (cf introduction of [BFK], 
also [BFKM]) where h : M — > H is a Morse function, </ is a compatible 
Riemannian metric on M and Oh is a collection of orientations of the un- 
stable manifolds defined by — grad£,h, compatible with the deck transforma- 
tions, where h and g' are lifts of h respectively g' to the universal cover of M 
and denote by C = (C(M,t,T), 8) the finite dimensional cochain complex of 
.A-Hilbert modules associated with t and T := (£,V,/z). The A- linear map 
Int k : n k (M;£) -> C k (M,r,T) provided by integration (cf. [BFKM]) are 
continuous with respect to the Frechet topology on Q k (M;£) and extend, for 
s > n/2, to bounded maps 

Int k . s : H s (A k (M; £)) — ► C k (M, r , T). 
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Since the integration map intertwines d and S, they induce morphisms 



(2.6) Int k . s :H s (A k (M;£))^C k (M,T,T). 

As C is a complex of finite type Hilbcrt modules and Iritis is bounded for 
s > Int k:s is of trace class (cf Examples 1.6 (2)). For s' < s, denote by 
In^. s s / the embedding 

(2.7) In k . StS , : H s (A k (M; £)) H s ,(A k (M;£)) 

which is a morphism of cochain complexes. For s — s' > n, Ink-, s ,s' is of trace 
class. 



Proposition 2.1 (cf [CMM, section 4]) 

The following families of morphisms induce isomorphisms in algebraic cohomo- 
logy: 

(i) (Id + A) s / 2 : H r (A(M;£)) -» H r _ s {A{M;£)) (Vr,s); 
(it) In,,,, : H s {A{M-£)) -+ H S ,(A(M;£)) (s > s'); 
(in) Int B : H S (A(M;£)) -f C(M,t,T) (s > rc/2). 

Proof (i) is obvious since (Id + A) s / 2 is an isometric morphism. 

(ii) For ease of notation, let H k ; S '■= H s (A k (M; £)). Denote by Q k ■ H k; o —> H k -o 
the L2-orthogonal spectral projector corresponding to the interval [0, r],r > 
and consider its restriction to H k;s , s > 0. Due to the ellipticity of Q k u € 
n k (M;£) and Q k (H k , s ) is isomorphic to Q k (n k (M; £)). As ff M = Q k {H k . s ) © 
(Irf — Qk)(Hk ;s ), H S (A(M; £ )) is the sum of two subcomplexes, C 1 © C 2 where 
Cfe := Qk{Hk;s) and C 2 := (Id—Q k )(H k , s ). Notice that C 2 is algebraically acyclic 
by remark after (1.20). C 1 has the same algebraic cohomology as H S (A(M,£)) 



and that Ink-, s ,s' = 



phism in algebraic cohomology. 



Id 








I n k-.s,s' \ c 2 



. Therefore, In s , s >, induces an isomor- 



(iii) We use Witten's deformation of the dcRham complex (cf [BFK2, section 
3], also [BFKM, section 5]). For t £ R, let d k (t) := e - th d k e th be the de- 
formed exterior differential where h : M — > IR is the Morse function of a 
generalized triangulation r = (h,g') ( h not necessarily selfindcxing) . For t 
sufficiently large, the spectrum of the deformed Laplacian Ak(t) splits into 
a small part contained in the interval [0,1] and a large part, contained in 
an interval of the form [Ct, oo] with C > 0. Denote by (Q sm (M; £)(t), d(t)) 
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the subcomplex associated to the small part of the spectrum. In particu- 
lar, Q k m (t) = Q k m (M;£){t) = Q k (t)(H k;s ) where Q k {t) denotes the ortho- 
gonal spectral projector of Ak(t) corresponding to the interval [0,1]. As Afc(i) 
is elliptic, one concludes that fi* m (i) = 9. k m {M;£)(t) C Q. k (M-£) and, by 
[BFK2, section 3] (cf also [BFKM, section 5]), is an ^4-Hilbert module of finite 
type. Similarly as in the proof of (ii), H S (A(M;£)) is the sum of two subcom- 
plexes, n am (t) © H Sila (t), where H k . sM := (Id - Qk(t))(H k . s ). Introduce 



given by fk(t) :— Intke th . One verifies that f(t) : (fl S m(t),d(t)) — > (C,5) is a 
morphism of cochain complexes. By the Hclffcr-Sjostrand theory (cf [BFK2, sec- 
tion 3], also [BFKM, section 5]), f(t) is an isomorphism for t sufficiently large. In 
particular, it induces an isomorphism in algebraic cohomology. For t sufficiently 



(M; £)) can be decomposed into two subcomplexes, C 1 ©C 2 where C 1 = (e th Q sm 
(t), d) and C 2 = (e th H s j a (t), d). Notice that C 2 is algebraically acyclic and that 
C 1 has the same algebraic cohomology as H S (A(M; £)). For s > n/2, 



is well defined and takes the form (f(t)e th , Int s \c^). Therefore Int s induces an 
isomorphism in algebraic cohomology. ■ 

Remark 2.2 For s — s' > n + 1 the inclusion /n S;S ' is a morphism of trace 
class (cf Definition 1.9). 

As H S (A(M; £)) is a ^-regular complex of sF type (for any s e R), we conclude 
from Proposition 2.1 and Lemma 1.12 that the mapping cone C(7n S;S /) is alge- 
braically acyclic and thus has a well defined torsion T(C(7n S;S /))(s — s' > n+ 1). 

Proposition 2.3 For s - s' > n + 1, logT(C(7n S;S /)) = 0. 

Proof Recall that the mapping cone C(7n S;S /) is given by 



(2.8) 



fk(t):n k m (M;£)(t)^C k (M,r,T) 



large, 



H S (A 



Int s ■ H S (A(M; £)) = C 1 © C 2 C 



C{In s , s ,) k := H s ,(A k -\M;£)) © H 8 (A k (M;£)); 




Therefore, by (1.23) and (2.4) 
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(2.9) A(In,, a >) k = 
Proposition 2.3 then follows from Lemma 2.4 below 



A k + (Id + A k y 



Lemma 2.4 Assume that (C, S) is a (-regular cochain complex of sF type. Then 
(i) E fc (-l) fc l°g det(A fe + 7rf)=0; 
(*) E fc (-l) fc log det(A fe + (Id + A k y'- S ) = 0. 

Proof As the two statements can be proved in the same way, we consider only 
the second one. With respect to the Hodge decomposition, A^ + Id takes the 
form (cf (1.18)) 

(2.10) A k + (Id + A k ) s '- s = 

= diag(Id,Ai + (Id + A+y'- s ,A- + (Id + A^)»'-). 

where A^ := d k _ 1 d k _ 1 and A^ := d* k d k are ^-regular operators of sF type and 
log det(A fc + (Id + A k f- S ) = log dct(A+ + (Id + A+) s '- s )+ 

+ log det(A^ ++(Id+ A^) s '~ s ). 
As A^ and A k ~_ 1 have the same spectral distribution function we conclude that 

(2.11) log det(A+ + (Id + A+)«'-) = log det(A^ + (Id + A^)-'-). 
This proves the claimed statement. ■ 

Proposition 2.5 Let s>^ + l,s>s + n + l and p 6 H>o- Then 

(i) Int. : H S (A(M; £)) - C(M, r, T) 

is a morphism of trace class which induces an isomorphism in algebraic coho- 
mology. Moreover 

(2.12) log T(C(Ints)) = \ogT(C(Int s )) 



(2.13) \ogT(C(Int s )) = logT(C(/nt s (A + Idy' 2 )), 
with (A + Idf' 2 : H s+p (A(M;£)) -» H S (A(M;£)) 
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Proof By Proposition 2.1, Int s is a morphism of cochain complexes which 
induces an isomorphism in algebraic cohomology. We claim that Int s is a mor- 
phism of trace class (cf Definition 1.10). As we have already observed, Intk-, s 
is an operator of trace class for s > n/2 as it is bounded and C k is a Hilbert 
module of finite type. By the same reason, 5^Intk+i ;s is of trace class for 
s > n/2. Finally we have to verify that Intk^sd^, is of trace class. Use that 
Intk tS = Intk- s -ilnk;s,s-i and that Ink :s , s -id* k is a bounded operator to deduce 
from Proposition 1.3 that Intk-, s d* k is of trace class for s > § + 1- Further notice 
that Int§ = Int s • Ins,s for arbitrary s > s + n + 1 where 7ng jS is a morphism of 
trace class (Remark 2.2) which induces an isomorphism in algebraic cohomology 
(Proposition 2.1). From Proposition 1.15 and Proposition 2.3 we then conclude 
that 

\ogT(C(Int s )) = log T(C(/n s> ))+ log T(C(/ni s )) 
= \ogT(C(Int s )). 

It follows from Proposition 1.3 and the fact that (A + Id) p / 2 is an isometry 
of cochain complexes that Int s (A + Id) p / 2 is a morphism of trace class which 
induces an isomorphism in algebraic cohomology. Applying Lemma 1.11 and 
Proposition 1.16 yields formula (2.13). ■ 

We are now ready to define the relative torsion. Our definition differs slightly 
from the one first introduced by [CMM] . 

Given M, T, g, r, define 1Z S = TZ S (M, T, g, t), 

(2.14) log 7^ :=logT(C(Int s (A + Id)- s / 2 )) {s > n/2 + 1). 

Notice that, by Proposition 2.5, \ogTZ s = \ogT(C{Int g )) and TZ S is independent 
ofs>f + l. ' 

Definition 2.6 The relative torsion is defined by TZ := 1Z S (M,T, g,r). 

The name of relative torsion is justified by the observation, due to [CMM], that 
in the case where E — > M is of determinant class - and therefore, the analytic 
torsion T an and the Reidemeister torsion T^eid are well defined (cf [BFKM]) - 
TZ is given by 

(2.15) log^ = logT a „-logT Jleid 

To see that (2.15) hold we would like to apply Proposition 1.10 (Milnor's 
Lemma). However H S (A(M; £)) is not a complex of finite dimension, we there- 
fore decompose the mapping cone C(Int s ) as follows: As shown in the proof 
of Proposition 2.1 (iii), H S (A(M;£)) = C 1 © C 2 and / : Int s \ c i : C 1 -> C 2 
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is a bijective morphism where C 2 is algebraically acyclic and C 1 is given by 
C 1 := (e th fl S m(t),d). Notice that C 1 has the same algebraic cohomology as 
H S (A(M;£)). Denote by C 3 the mapping cone C(f). As / is a bijective mor- 
phism, C 3 = C(f) is algebraically acyclic. As / satisfies the assumption of 
Lemma 1.14 one concludes that 

log ft = \ogT(C(Int s )) = logT(C 3 ) + logT(C 2 ). 

The term log T(C 3 ) has to be analyzed further. By assumption, (M,p) is of 
determinant class. Therefore C 1 is of determinant class as well. We then obtain 
the following short exact sequence of cochain complexes, each of them being of 
determinant class, 

-> T.C -» C 3 -> C 1 0. 

As EC,C 3 and C 1 are of finite dimension we can apply Proposition 1.10 to 
conclude that 

log T(C 3 ) = log T(EC) + log T(C X ) + logT(W) 

where H denotes the long weakly exact sequence in reduced cohomology and is 
of determinant class. By Lemma 1.14 and the definition of the combinatorial 
torsion T comb (cf [BFKM] ) , logT(SC) = -logT(C) = -logT com6 . By the de- 
finition of the analytic torsion (cf [BFKM]), logT^ 1 ) + log T(C 2 ) = logT Qn . 
Further H is given by 

. . . -> iJ l (SC) -» H l (C a ) H'iC 1 ) iJ l+1 (SC) -► . . . 

Recall that C 3 is algebraically acyclic and H{5 1 ) : H l (C v ) -> H^C) is given by 
the restriction of Inti- S to Hi — ker(Ai) and, by the definition of the metric 
part T met of the torsion 

logT(W) = -logT met . 
Combining the various equalities above leads to (2.15). 



2.2 Witten deformation of the relative torsion 

To obtain a local formula for log 1Z we consider the deformed relative torsion 
lZ(t) obtained by considering the Witten deformation of the deRham complex. 

Using the generalized triangulation r = (h,g', Oh) we consider for s > n/2 + 1 
the following composition g s (t) of morphisms. 

(2.16) (L 2 (A(M;S)),d(t)) ^ (L 2 (A(M;£)),d) (A+/d T /2 (H S (A(M, £ )), d) 
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(C,5). 

where we recall that dk(t) = e~ th dke th . For s > n/2 + 1, Int s is a morphism 
of trace class (cf Proposition 2.5) and thus, by Proposition 1.3, the composition 
g s (t) is a morphism of trace class. Due to Proposition 2.1, g s (t) induces an 
isomorphism in algebraic cohomology, hence \ogT(C(g s (t)j) is well defined. 



Proposition 2.7 For s+p>s>2n + 2 and t <E R, 

logT(C(g s (t)))=logT(C(g s+p (t))). 

Proof Using that Int s = Int s / 2 In StS / 2l g s (t) is given by g s (t) = Int s / 2 a s {t) 
where a s (t) := In SiS/2 (A+Id)-^ 2 e th . As s > 2n+2, a s (t) (cf. Remark 2.2) and 
Int s /2 (cf. Proposition 2.5) are morphisms of trace class. By Proposition 2.1, 
both Int s /2 and a 8 (t) induce isomorphisms in algebraic cohomology. Therefore 
we can apply Proposition 1.16 to conclude that 

(2.17) logT(C(g s (t))) = logT(C(Int s/2 )) + log T(C(a s (t))). 

Observe that, /n s+P;i+p (A + I = (A + Id)-?/ 2 In s , s/2 (A + Id)- 3 / 2 to 
deduce that 

g s+p (t) =Int p+ i(A + Id)- p / 2 a s (t). 
Using the same arguments as above we can apply Proposition 1.16 to obtain 

\ogT(C(g s+p )) = \ogT(C(Int p+s/2 -(A + Id)-P/ 2 )) + 
+logT(C(a s )). 

By Proposition 2.5, 

(2.19) logT(C(Int i+p )) = logT(C(Int i+p (A + Id)-?/ 2 )) 
and (cf (2.14)) 

(2.20) \ogT(C{Int s/2+p )) - \ogT(C{Int s/2 )). 
Combining (2.17)-(2.20) leads to the claimed result. ■ 

In view of Proposition 2.7, \ogT(C(g s (t))) is independent of s. 
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Definition 2.8 The Witten deformation 1Z(t) of the relative torsion is defined 
by 

\ogU(t) := \ogT(C( 9s (t))) (s>n + 2). 

Using the same arguments as for the verification of (2.15) one sees that, for 
S^Mof determinant class, 

(2.21) logft(i) = log T on (t) - \ogT comb - \ogT met (t) 

where T an (t) denotes the analytic torsion of the deformed dcRham complex 
(cf [BFKM]), T com b denotes again the combinatorial torsion and log T me t(i) = 
— \ogT(H(t)) is the torsion of the long weakly exact sequence in cohomology 
obtained in a similar fashion as in the case of (2.15). 

Our next objective is to calculate the variation for \ogH(t) : 
Theorem 2.1 

^logft(i) - dim £ x [ h-e(M,g) 
at J m 

where e(M,g) is the Euler form of the tangent bundle equipped with the Levi- 
Civita connection induced from g. In particular, J^log7£(t) is a local quantity, 
independent of t and the Hermitian structure. Moreover if n — dim M is odd, 
then 

^logft(i) =0. 



Proof For s > n + 2, introduce the morphism g s := Int s (A + ld)~ s l 2 . Then 
g s (t) = g s e th . Observe that for all t, the mapping cone Q(t) := C(g s (t)) is a 
cochain complex whose k'th component Qk ■= C{g s {t))k is independent of t, 
given by 

(2.22) g k = C k -\M, r, T) © L 2 (A k (M; £)). 

With respect to the decomposition (2.22), <4(t) = (t) : Gk — * Gk+i takes the 
form 

(2.23) d fc (t) = E k+l {-t)D k E k {t); d k (t)* = E k (t)D* k E k+1 (-t). 
where 
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Ek{t) - { e"> ) ' ^ - { d fc 

According to Proposition 2.5 and 1.12, the mapping cone C(g s (t)) is a ^-regular, 
algebraically acyclic cochain complex of sF type. Denote by 

Afc(£) = Aj?(t) the /c-Laplacian associated to Q = C(g s (t)), 
A k (t) :=A+(t) + A-(t) 

where 

A+(i) :=rf fe -i(*)4-iW . A^(t) :=(^(t)d fc (t). 
With respect to the Hodge decomposition Q k = Q k (t) © G k (t), 



(2.24) := (t) := dj(*)(&+i), 

dfc(t) is of the form d fc (t) = ( ° ^ ) and thus A+(t) = ( ° 

and Afc (t) = ( q A _° (f) ) where A+(t) := d fe -iW4-iW and A^(t) := 

d* k {t)d k (t). As C(g s (t)) is a regular cochain complex, the operators d fc (t), 
according to Definition 1.9, satisfy Op(l)-Op(7). As C(g s (t)) is algebraically 
acyclic, they also satisfy Op(8). (In fact, the operators d_ k (t) satisfy Op(7), be- 
cause the corresponding heat traces admit an asymptotic expansion of the form 
(Asy) (cf Lemma 1.1).) 

To compute J^log7£(t) we proceed similarly as in [BFKM] where we compute 
^ \ogT an (t). According to Definition 2.8, the relative torsion TZ(t) = T(C(g s (t))) 
is given by 

log^) = i^(-l) fc+1 log detA+(t) 

and 
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(2.25) |logdet(A+(t)) = F.p. z=0 Tr(f t (A+(t))(A+(t))-^) 

= F.p. z=0 Tr(^(i? fe (-t)^ fe _ lJ B fc _ 1 (20^_ 1 i? fe (-t))(A+(t))- z - 1 ). 

(By F.p. z=0 we denote the constant term in the Laurent expansion at z = of 
the expression which follows it.) To simplify writing we suppress momentarily 
the subscript k. Then 
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f t (E(-t)DE(2t)D*E(-t)) = 
= ( \ ) E(-t)DE(2t)D*E(-t) 
(2 ' 26) +£(-t)u(j 2 ° ) E(2t)D*E(-t) 
+E(-t)DE(2t)D*E(-t) ( [] _ ft ) . 

Substituting (2.26) into (2.25) we obtain 

^log det(A+(t)) = 

= F.p. z=0 Tr( (J ^ ) d^dW'A+W- 1 ) 
(2 ' 27) +F.p., =0 Tr(d(t) (J 2 ° ) d(t)*A+(t)-»- 1) 
+F.p. Jt=0 Tr(d(t)d(t)* (J ^ ) A+W" 1 ). 

Using that d{t)d(t)* A+ (t)-*- 1 = A+{t)- z together with the commutativity of 
the trace we conclude 

|logdet(A+(t)) = 

(2.28) =^—Tr((° ) A+(t)-") 
+^p.z=oTr( ^ q ^ ) ^(tJA+tt)-*- 1 ^^)). 

From dl^i^A+it) = dl^tydk-itydk-iit)* = A^^dfc-i^)* we conclude 
that 

d^A+^-^fc-iW = (A^i))"*" ^(i) = A^t)"* 
and therefore, after substituting into (2.28) 

(2.29) | log det(A+(t)) = 

= ^p.»=oTr(( J _° 2/i ) -A^t)"*))- 

This leads to 

(2.30) £]ogT(C( ffa (t))) = E fe (-l) fe ^=oTr( ( J ° ) **(*)"')• 
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As C(g s (t)) is algebraically acyclic, A k (t) has no spectrum near and therefore 
( u {z) := p^y X'^Tr^ (oft) e~ AA * (t) )dA is an entire function, with 
C n (0) = 0. 

In view of the fact that the heat trace Tr(^ ( |j ^ e -AA fc (t)~j admits an 

asymptotic expansion at A = of the form (Asy) one obtains (cf Lemma 1.1 
and Op(7)) 

F.p.^o Tr((S °)A fc (t)-') = 
(2.31) =^--o(ife/o"A- 1 rr((j °)e-^*W)dA) 

= ^-o(rfo/o 1 A- 1 rr((S ° ) e - AA * (t) )<4 

With respect to the decomposition (2.22) of the mapping cone C(g s (t)), the 
Laplacian A k (t) = A^(i) takes the form 

A ^)=(S A fe %) + ^) 
where <& fe (i) : Q k —> Qk is given by 



Ag^ 6 + </fc-l; a (t)fffc-l; a (t)* 


-<^_i3fc ;s (*) +5fe-i ;s (*)dfc_ 1 (t) 


-9k;s(t)*S k -i + d k -i(t)g k -i- 




g k -,s{t)* g k :s(t) 



As g k - s (t) and g kls (t)* are bounded operators of trace class for s > ^ + 1 (cf 
Proposition 2.5) the maps g k:s {t)d* k (t) and d k {t)g k . s (t)* are bounded operators 
of trace class for s > n/2 + 1 and we conclude that $k(t) is a bounded operator 
of trace class. By Proposition 1.5 and its remark, we conclude that 

(2.32) F.p.^^jlx^Tr^l ° ) er^)dX) = 

= f.p. z= o( f ^y j ( 1 A- 1 Tr(/ l e-^( t )(/rf-P Afc(t) ({0}))) ( iA 

where ^A fe (t)({0}) denotes the orthogonal projection onto KerA k (t). 

One verifies (cf [BZ, p 81]) that e th A k (t)e~ th are equal to the Laplacians A' k 
associated to the undeformed deRham complex, the Ricmannian metric g and 
the Hermitian structure e~ 2th [i. 

Combining this together with (2.30)-(2.32), we obtain 
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f t logTl(t) = 

(2.33) =EJ-l) fe ^=of r ^/o A ^ lT K^- AAfc( * ) (W-P Afc(t) ({0}))) ( iA) 
= EJ-l) fe ^=o(r^/o A ^ lT K^- AA; =(W-^({0})))ciA) 

where we used that, as A k (t) = e~ th A' k e th , e _AAfe(t) = e~ th e" XA '"e th and 
e th (Id-P Ak{t) ({0}))e- th = Id-P A , k ({0})- 

It is known (cf e.g. [BFKM]) that the restriction K k (x;X, t) of the Schwartz 
kernel of e~ XAk (Id — Pa' ({0})) to the diagonal has an asymptotic expansion 

with respect to A for A \ of the form J2j>o A k ; n -j(t)\ ~ where Ak- n -j(t) 
are smooth densities on M with values in End(A k (T*M)®£) 1 depending on the 
parameter t. Substituting into (2.33), and integrating with respect to A leads to 

ilogU(t) = Ek(-V k Tr(hA k . fl (t)) 

(2.34) =Tr(hQ: k (-l) k A k .,o(t))) 
= dim £ x Tr(he(M,g)) 

where e(M, g) is the Euler form, which can be proven to be equal to din |g ^ fc 
(-l) k A k . (t). If dimAf is odd, e(M,g) = 0. ■ 

3 Proof of Proposition 0.1 in the case g = g' 
3.1 Outline of the Proof 

In this section we prove Proposition 0.1 in the case where the Riemannian 
metric g is the same as the metric g' of the generalized triangulation r = 
(h,g'). Throughtout this section we assume that the Hermitian structure fj, is 
r-admissible, i.e. that there exists a neighborhood Uh of the critical points of 
h so that on Uh, £t is parallel with respect to the canonical flat connection on 
£->M. 

From Theorem 2.9 we know that 

(A) \ogTZ(t) — log 1Z + J log1Z(t)dt is an affine function oft, 

hence log TZ(t) has an asymptotic expansion with log 1Z as the free term. 

Recall from the proof of Proposition 2.1 (hi) that, for t sufficiently large, 
(Ho(A(M; £)), d{t)) is the direct sum of two subcomplexes, 

(H (A(M;£)),d(t)) = (fl sm (t),d(t)) © (H 0M (t),d(t)) 

where 

H k , := H Q (A k (M; £)), 
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n k sm (t) = Qk(t)(H k . ), 

Hk-flda{t) = {Id—Qk{t)){Hk-fi) andQfe(i) denotes the orthogonal spectral projec- 
tor Qk{t) ■ Hk-o —* Hk-o of the k-Laplacian Afc(f) corresponding to the interval 
[0,1]. Notice that Q^ m (t) consists of smooth forms and that (Hoj a (t),d(t)) is 
an algebraically acyclic (-regular complex of sF type. Notice also that 
(Q STO (t), d(t)) is a (-regular complex of finite type for t large enough. The fi- 
nite type property follows from [BFKM] Theorem 5.5. Denote by <? SjSm (f) the 
restriction of g s (t) to Q sm (f). This is a morphism of trace class for s > l| + 1 
since g s (t) is of trace class by Proposition 2.5. We have the following short exact 
sequence of algebraically acyclic, (-regular complexes of sF type, 

(3.1) -» C(g s , sm {t)) C(g s (t)) $ H ,i a (t) 

where /, resp. P, is the obvious inclusion, resp. projection. One verifies in 
a straightforward way that (3.1) satisfies the assumptions in Lemma 1.14 and 
therefore, with 

(3.2) TZ sm (t) := T(C(g SiSm (t))), 
we obtain the decomposition 

(B) logft(f) = logft sm (f) + IogT(flo,io(t))- 

For consistency with the notation in [BFK2] and [BFKM] we write 

logT ;a (t) :=IogT(flo,lo(t)). 

The two terms, log7^ sm (t) and logTj a (t), will each be treated separately. To 
obtain an asymptotic expansion of \og1Z sm {t) as t — > oo, we proceed in two 
steps. Recall that /(f) is given by the composition 

/(f) : (n sm (t),d(t)) £ (Q,d) ^ (C,S). 
We show in subsection 3.2, Proposition 3.1 (i), that 

n sm (t) = T(C(f(t))). 

The morphism /(f), unlike S , SjSTO (f), can be studied using the Witten-Helffer- 
Sjostrand theory (cf [BFK2, section 3], also [BFKM, section 5]). We show 
in subsection 3.2, Proposition 3.1 (ii) that logT(C(/(f))) has an asymptotic 
expansion which we calculate up to terms of order 0(j). Proposition 3.1 implies 
that: 

( C) log IZsm {t ) admits an asymptotic expansion for t — > oo of the form 
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\ogTZ sm {t) = dim£ x ■ Hxecr 3 (h) h ( x ))t 

(E,(-l) J (f - §K ■ dim£ x ) log(f ) + 0(1). 

Concerning \ogTi a (t) } we will establish in subsection 3.3: 

(D) (i) log Ti a (f) admits an asymptotic expansion as t — > oo and 

FT t=QC (logT la (t)) = -FT t=QC (\ogU sm (t)) + [ a 

JM 

where a is a local density on M which vanishes in a neighborhood of the critical 
points of h. 

(ii) If fi is parallel with respect to the canonical flat connection, J M a = 0. 
The results (A)-(D) prove Proposition 0.1 in the case where g = g' . 

3.2 Asymptotic expansion of loglZ sm (t) 

In this subsection we prove the statement (C) of subsection 3.1. By the Witten- 
Helffcr-Sjostrand theory, f(t) := Int-e th is an isomorphism of cochain complexes 
for t sufficiently large. Therefore the mapping cone C(f(tj) is an algebraically 
acyclic, ^-regular complex of sF type and thus admits a torsion, T(C(f(t))). 

Proposition 3.1 Fort sufficiently large, 

(i) logTl sm (t)=logT(C(f(t))); 

(ii) logT(C(/(t))) admits an asymptotic expansion for t — > oo of the form 

logT(C(/(t))) = dim^ • (E,-(-l) j E x eCr jW H*))t 

- (E,(-l) j (5 - i)mj dim£ x ) log(f ) + 0(i). 

Proof (i) Notice that the morphism /(f) is equal to the composition (s > n + 2) 

(3.3) (fl sm (t),d(t)) e X H S (A(M;£)) Ir -^ s C(M,r,T) 
whereas g s , sm (f) is given by 

(3.4) (fl sm (t),d(t)) e " (H (A(M;£)),d) ( A+I 4~ S/2 (H s (A(M;£)),d) 
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Int > s C(M, t, T). 

By Proposition 2.5, Int s is a morphism of trace class, multiplication by e th 
is a morphism of trace class as Fl sm (t) is a cochain complex of finite rank (cf 
Examples 1.6) and (A + Id)~ s / 2 is an isometry. Each of them induces an 
isomorphism in algebraic cohomology (cf Proposition 2.1). Therefore we can 
apply Proposition 1.15 to (3.3) and (3.4) to obtain 

(3.5) logT(C(/(t))) = logT(C(ef )) + \ogT(C(Int s )) 
and 

(3.6) \ogT(C( 9s , sm (t))) = logT(C(e th )) + \ogT(C(Int s (A + Id)- S l 2 )). 

In view of Proposition 1.16 and the fact that (A + Id)~ s / 2 is an isometry we 
conclude that 

(3.7) \ogT(C(Int s )) = logT(C(/nt s (A + Id)- S / 2 )). 
Further, e th — In s fi e*' 1 is a morphism 

(n sm (t),d(t)) ^ H S (A(M;£)) ^ H (A(M;£)) 

with In S fi and e* ft being both morphisms of trace class and inducing isomor- 
phisms in algebraic cohomology (cf Proposition 2.1). Thus, applying Proposition 
1.15 once more, we obtain, in view of Proposition 2.3, 

(3.8) \ogT{C{e th )) = \ogT(C(ef)). 

Combining (3.5) - (3.8) leads to the proof of statement (i). 

(ii) Recall from [BFK2, section 3.3] the following commutative diagram (for t 
sufficiently large) 

(fl sm (t),d(t)) *M (C,S) 

(3.9) $ + 0(±)\ lS(t) 

(C,S) 

where $ is a morphism which is an isometry, S = S(t) is chosen so that the 
diagram above is commutative, Sk{t) := S'fe+i(t) _1 • 5k ■ Sk(t), and S(t) is the 
morphism given by 

Sk(t) = ( S x {t)):C k -^C k 

xeCr k (h) 
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where C k := ® xeC r u {h) £ * and S x(t) £x ^ £ x is given by 
S x (t) := 6-^(1)!-!^. 

For £ sufficiently large, S'(t), /(i), $ + 0(f) are isomorphisms of cochain comple- 
xes. Thus, by Lemma 1.11, the mapping cones C(<& + 0(f)), C(S(t)) and C(f(t)) 
are algebraically acyclic. By Proposition 1.15, 

logT(C($ + 0(i))) = logT(C(/(i))) + IogT(C(S(t))). 

Using Proposition 1.12, one verifies that log T(C(Id + 0(f))) = 0(f). 
Therefore 

(3.10) logT(C(/(i))) = - logT(C(S(t))) + 0(f). 
By Proposition 1.12, 

logT(C(S(t))) = E(-l) J 'Ex e cr ; ,( fc )Iog(e- t ' ,(x) (f)*- 4 )dini^. 

In view of (3.10) we obtain 

IogC(/(t)) - (E(-l) j E xe c r , W ^)dimf x )i 

-(E(-l) j (? - |K di m ^) log f +0(1). ■ 



3.3 Asymptotic expansion of log7] a (i) 

In this section we prove the statement (D) in subsection 3.1. As log T/ a (i) = 
logTJ(i) — \ogTZ sm (t) and in view of Theorem 2.9 and Proposition 3.1, log7j (t) 
admits an asymptotic expansion for t — > oo. 

The arguments to prove (D) follow closely the ones in [BFKM, section 6.2]: 
we will derive statement (D) from a relative version of this statement , Propo- 
sition 3.2, and from the validity of (D) in some simple cases. 

We consider systems T :— (M, £, V, /i, g, r), where (£, V) is a bundle of A 
-Hilbert modules equipped with a flat connection, /i a Hermitian structure, 5 a 
Riemannian metric and r = (h, g') a generalized triangulation with the metric 
g' = g. We suppose that /1 is admissible with respect to r, i.e there exists an open 
neighborhood Uh of the critical points so that on Uh, M i s parallel with respect 
to the connection V. Introduce Vj={t, e) := \ Eg(-l) 9+1 <7logdet(A 9 (t) +e). 
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Proposition 3.2 For any e > there exists a smooth density aj^(e) on 

M \ Cr(h), which is polynomial in e and a local quantity (cf subsection 0.2 and 

[BFKM] section 2) so that the following statement hold: 

(i) If T' := (M, £ , V, ji, g, tt>) denotes the system obtained from T by re-placing 
the triangulation r = (h,g) by its dual td = (n — h,g) (n = dimMj, then 

(3.11) a r {e) + (-1)"+ W' (e) = 0. 

(ii) If T and T are two systems as above and T ®T denotes the system defined 
by 

T <g> T := (M x M, £ <g> £ , V, fi <g> fi, g x g, t x f ) 
with V = V<S>id + idtS)\7, then 

(3.12) a^jrie) = (o^(e) ® e(M, g) + e(M, <?) <g> fi^(e)) dim W, 
w/iere e(M,g) denotes the Euler form of (M,g). 

(Hi) The density ctj:(e) vanishes on Uu \ Cr(h). 

(iv) Assume T and T are two systems as above so that §Cr q (h) = §Cr q (h) (0 < 
q < n), and the bundles £ and £ have isomorphic A—Hilbert modules as fibers. 
Then Vj^{t,e) — V^(t,e) has an asymptotic expansion with 

(a) FT t=OQ {Vf{t, e) - V>(t, e)) - J M \ Cr(h) Me) - J^ Cr{h) Me); 

(b) FT t=OQ (\ogT la (t)) - FT t=OQ (\ogf la (t)) = J MXCr(h) ar{0) - f^ Cr(fl) M<>)- 

Proof: We begin with the construction of the density aj?(e). Away from the 
critical points of h we choose a coordinate system for £ — > M. In these coordi- 
nates we calculate inductively the quantities r q _ 2 _-(h, e; x, £, t, fi), by the formu- 
lae 6.59 in [BFKM], from the symbol of the operator with parameter A q (t) + e, 
which is elliptic with parameter t away from Cr(h) (cf [BFKM] (3.2)). We 
are interested in the quantity r q _ 2 _ n only. We use formula (3.4) in [BFKM] to 
obtain from r q _ 2 _ n the density a^(h, e) on M \ Cr(h). We define 

(3.13) a r {h, e) := 1/2 £,(-1)*+ VM^ e )- 

Since by construction r q _ 2 _ n is a polynomial in e of degree smaller than n so is 
MM)- 

(i) follows from the following homogeneity property (cf [BFKM] (6.60)): 
r- 2 -n(h, x, -t, n) = {-l) n r- 2 - n {h, x, £, t, /j) 
and by a straightforward verification 

r-2- n (n - h, x, £, t, fj,) = r- 2 -n{h, x, £, -t, fi) . 
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To prove (ii) we consider systems Q = (M, £, V, /it, g, u), where M, £, V, fi, .g 
are as above and a; is a closed 1-form on M. A system T — (M, £, V, H,g,r = 
(g, h)) gives rise to a system Q by taking u> = dh. For any such Q, define the 
Witten deformation by taking ui instead of dh and then the Witten Laplacians 
A q (t) for any real number t. If the 1-form uo has no zeros, A q (t) is elliptic with 
parameter and the general theory in [BFKM] , section 2 implies that for any fixed 
e > 0, Vg(t, e) := ^J2 q (—l) g+1 qlog(A q (t) + e) has an asymptotic expansion for 
t — > oo, whose free term is J M ag 7 with ag a local density on M. Following 
[BMFK] section 2 this density is calculated in the same way as the density ajr 
(using u) instead of dh). 

Since FlMXCrth) i s locally isomorphic to the restriction to an open set of a system 
Q = (M,£,V,jl,g,u)) such that M is closed and Cj has no zeros, it suffices to 
check (3.11) for ag and otg instead of a? and a p. 

For a system Q and u > 0,t > consider the operator e^ uAq ^ which is a 
smoothing operator and denote by X q (u,t) the pointwise (von Neumann)trace 
of the restriction of its Schwartz kernel to the diagonal. This provides a two 
parameter family (in u and t) of densities on M. Denote by 

Xg(u,t) := 1/2]T(-1)«+V 9 (M). 

Define the smooth three parameter family, r](s,t,e), of densities on M for 3?es 
sufficiently large, 

(3.14) V (8, t,e) = T ^ / °° u^e-^Xgiu, t)du. 

which, by analytic continuation, is holomorphic in s near £ (C. Denote by 
Og(t, e) the density valued function in t and e, 

Og(t,e) := -^-\ s=0 rj(s,t, e). 

For the system Q ® Q, we can prove that 

(3.15) O g ^g(t, e) = 9g(t, e) ® e(M, g) dim W + e(M, 5 ) ® ^(t, e) dim W. 

This can be derived as in the proof of Proposition 2.4 in [BFKM] from the 
following facts: 

(i) A^S (t) = AS®Id + Id®Al (t) , 

whose proof is similar to the proof of Proposition 2.4 in [BFKM] and for any t, 

(ii) r](0,t,e = 0) = e(M,g)<timW, 

whose proof follows from the local index theorem of Bismut and Zhang. This 
takes care of (3.12). 

For (hi), we use the locality of the density a^-(e) and the explicit formula of 
A q (t). In admissible coordinates in a neighborhood of the critical points A q (t), 
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is the same as A 9 (t), for a product of systems Q with underlying manifolds of 
dimension one. Using (3.12) and the vanishing of the Euler form on M = M, 
the result follows. 

(iv) (a) is actually Proposition 6.6 in [BFKM] and (b) follows from Lemma 6.7 
of [BFKM]. ■ 

Proof of statement (D). We want to apply Proposition 3.2. Set M := M, f := 

T,g = g, ft the trivial representation of T = m(M) on W. Then the associated 
bundle £ — > M is trivial ; we choose ft the trivial Hcrmitian structure. Then 
by (2.15) and the equality of analytic and Reidemeister torsion for the trivial 
representation we have 1Z = 1. Since \oglZ(t) admits an asymptotic expansion 
by (B) so does logTJ a (i). Since the free term of the expansion of log TZ is zero, 
one obtains 

(3.16) FT t=oc logf (a (t) = (E,(-l) j (5 - iK-dim^) log it. 

Statement (i) in (D) follows then from Proposition 3.2 (iv) . To prove statement 
(ii), observe that since n is parallel with respect to the canonical flat connec- 
tion V, the Hodge * operator induces an isometry between L 2 (A k (M '; £)) and 
L 2 (A"- fe (M;£)) and conjugates A k (t) with A n _ fe (-i). Thus A k (t) and A„_ fe (i) 
are isospectral and then by the definition of Vjr(t, e) we have : 

Vr(t,e) = (-l) n+1 Vr,(t,e) 

and 

Vf(t,e) = (-ir+ 1 V j ,,(t,e). 

Therefore 

Vr{t,e) - V>(t,e) = (-l) n+1 V^(t,e) - (-l) n+1 V^(t,e), 
and thus by Proposition 3.2 (iv) we have 

FT t=OQ log Ti a (T, t) - FT t=oc log T la {£, t) = 

= (-\) n+l FT t=00 \ogT la {T',t) - {-\) n+1 FT t=00 \ogT la {P,t). 
Again by Proposition 3.2 (iv) 

/ MO) - / mo) = 

JM\Cr{h) JM\Cr(h) 

(-i) n+1 (/ Mo)-/ Mo))- 

JM\Cr{h) JM\Cr{h) 
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In view of (3.12), (D) (i) and 

/ M°) = / c^,(o) = o, 

J M\Cr{h) JM\Cr{h) 

because p is parallel, one obtains 

/ MO) = (-1)" +1 / c^(0). 

JM\Cr(h) JM\Cr(h) 

Statement (D)(ii) follows by combining this last formula with Proposition 3.2 
(iv) ■ 



4 Anomalies of the relative torsion 
4.1 Metric and Hermitian anomalies 

In this subsection, we investigate how the relative torsion 1Z = 1Z(M, p, p, g, r) 
varies with respect to the Riemannian metric g and the Hermitian structure p. 
We denote by £ — > M, V the fiat bundle associated to p. In order to formulate 
the results we introduce a number of additional quantities: 

The closed 1-form = 0(p, p) G fi 1 (M): Choose a finite covering M by open sets 
(Uj)j & j, which are simply connected, and points Xj G Uj. Define Vj-.Uj — > IR 
by " 

Vj(x) : logwoZ(T XiX .) i loo d,.,; 7 ; r / , ^ ; 

where T XtXj : (£ x ,p x ) — > {£ Xj ,^Xj) denotes the parallel transport from £ x to £ Xj . 
along any curve joining x and Xj inside Uj. (As the connection V of £ — > M 
is fiat, the map T XyXj does not depend on the choice of the curve.) Denote by 
= 0(p,p) the smooth 1-form on M defined by 9j :— dvj. Notice that if the 
Hermitian structure p is parallel with respect to the canonical flat connection V, 
then 8(p) = 0. We mention that in [BZ] the quantity 9 is defined to be 20 (p, p). 

If the representation p is unimodular, (i.e. \ogvol{p(g)) = for any g e T) 
then one can find p so that 9{p, p) = 0. To see this let detjp^ £ — > M denote 
the 1-dimensional real vector bundle obtained by assigning to each point x G M 
the vector space detj^^, as described in [CFM], and let detV denote the 
induced flat connection in detj^£ — > M. This is the flat bundle associated with 
the representation detjp^ p. The unimodularity of p implies the existence of a 
parallel section s in dctj^f — > M. Take a Hermitian structure p in £ — > M, 
and denote by s the tautological section in detj^f — > A'/ induced by /i. Clearly 
there exists a smooth nonzero function / : M — > IR + so that s = / • s. If /x is 
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parallel above the open set U, then f\u = 1. It is immediate from definition of 
9 that 9(p, f ■ p) = 0. 

If (pi, /itj), i = 1, 2 are two pairs consisting of a representation and a Hermi- 
tian structure on the induced flat bundle, then one can verify in a straightfor- 
ward manner that 

(4.1) 8(p! <g> p 2 , Pi <8> P2) = 0(pi,pi) <g> 1 + 1 <g> 9(p 2 , pa). 

The function V = V(p, pi, P2) G (M): If = 1,2 are two Hermitian 

structures of £ — > A'/, define the smooth function 

V(x) :=V(p,p 1 ,p 2 ){x) = logvol(Id x : {£ x ,pi{x)) -> (£ x , /U 2 (a;))). 
Note that 

(4.1') 6(p,m) - 0(p,p 2 ) = dV(p,pi,p 2 ), 

(4.1") V{p,p U p2) = -V{p,p 2 ,Pl), 

(4.1"') V(p,pi,p 3 ) = V(p,pi,p 2 ) + V(p,p2,P3). 

The Euler form e(M,g) £ fl n (M;0 M )- Denote by e(M,g) the Euler form 
associated to the Levi-Civita connection on the tangent bundle TM. This is a 
form with coefficients in the orientation bundle of M, a flat, 1-dimensional real 
vector bundle. 

The Chern-Simon element [ecs(M,g u g 2 )] € fi" _1 (M; OM)/dCl n ~ 2 (M] Om)' 
For two Riemannian metrics g\ and g 2 on M denote by [ecs = ecs{M, g\, g 2 )] 
the Chern-Simon class , cf [BZ], p 46. Recall that 

d(e C s(M,g u g2)) = e{M,g 2 ) - e(M,gi) 

and that there is a canonical construction, due to Chern-Simon, for a represen- 
tative ecs of [ecs] so that for a smooth 1-parameter family g 2 (u) of Riemannian 
metrics on M, ecs (gi, 9i {u)) is a smooth 1-parameter family of (n — 1) forms. 

The following object appears in Theorem 0.1 and is related to the previous 
quantities. 

The form $(TM, g) £ ft"" 1 (TM \ M ; Otm) : Let tt : TM -> M be the tangent 
bundle of M. Clearly, Otm = n*0 M - Following Mathai-Quillen [MQ] Theorem 
6.4, or Bismut Zhang [BZ] Theorem 3.4, one can construct a smooth form 
$>(TM,g) G ^"^(TM \ M;Otm) with the following properties: 

(4.2') d*(TM,g) = n*(e(M,g)) 

If g\ and g 2 are two Riemannian metrics on M then 
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(4.2") *(TM,g 2 ) - *(TM,0i) = ir*ecs(M, gx, g 2 ) (modulo exact forms) 

If A : TM \ M -> TM \ M denotes multiplication by the real number A ^ 
then 

(4.2"') A*(*(TM,j)) = (\/\\\) n ^(TM,g). 

(4.2 1V ) For x 6 M fixed, denote by w the volume form on T X M and by Y the 
Euler vectorfield on T X M ( in polar coordinates, Y = rj^, r the distance to the 
origin). Then 

* { TM,g)\ TxM = -^ffi. 

It is easy to check (cf [BZ] ) that for two Riemannian manifolds (M i} gi) 7 i = 
1, 2 we have 

<AW\ *( T ( M i x M 2)'5i x<?2) = *(T(Mi), fl i)®e(M 2 ,52)+ 
J +e(M 1 , 5l )®*(T(M 2 ), 52 ). 



Proposition 4.1 (Metric anomaly of the relative torsion) 

(i) \ogn{g 2 ) - log ) = - f M Ae C s(9u92)- 

(ii) If dim M is orfrf or [i is a Hermitian structure parallel with respect to the 
canonical fiat connection, the relative torsion 1Z is independent of g. 

Proposition 4.2 (Hermitian anomaly of the relative torsion) 

log^M - logft(/ii) = - / ^(p,/xi,M2)e(M, 5 )+ 

Jm 

+ E (-i) indx ^(p,m^ 2 )(x). 

In the case A = <D these results were established in by Bismut Zhang, cf [BZ]. 
Propositions 4.1 and 4.2 will be proved at the same time. Their proof is reduced 
to some local index type results established in [BZ]. 

Remark Theorem 2.1. can be also derived as a special case of a (slightly more 
general) version of Proposition 4.2(i). 

Proof of Propositions 4.1, 4.2: (ii) follows from (i) by noting that e(M, g) = 
and ecs(M, gi,g 2 ) — if dimM is odd and that 9(ji) = if the Hermitian 
structure \x is parallel with respect to the canonical flat connection. 

To prove (i), consider a smooth 1-parameter family g(u) of Riemannian metrics 
and a smooth 1-parameter family fi(u) of Hermitian structures, (—1 < u < +1). 
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We want to compute ^ log lZ(g (u), /j,o) and ^log1Z(go, (J>(u)). We begin by 
analyzing ^ \ogTZ(g(u), n(u)). 

Denote by ((-, ■))(«) the scalar product defined by g(u) and fj,(u) on Q k (M; £)) 
(cf. 2.2) and by ((•,•)),(«) the one given by (2.4). Clearly ((•, •»(«) = ((■,•»(>(«)■ 
Denote by A k (u): n k (M; £) -> fi fc (M; £) the Laplacian on fl k (M; £) induced 
by g(u) and fj,(u) and by H s (u)(A(M; £)) the completion of fl(M; £) with respect 
to «■,•».(«). 

Consider the following commutative diagram 

ls+s'(u) 

H (u)(A(M;£)) — > C(r)(u) 

J.Vs,«'(w) I'M 

7,(0) 

ff (0)(A(M;5)) — C(t)(0) 

where , 
7s (w) :=Int s (Id + A( U ))- s / 2 , p a , a ,(u) := (Id + A(0))+ s / 2 (Id + A(u))- 2 *-, 
and is the identity map on C(r) regarded as an isomorphism of C(r) with 
the scalar product induced from fi(u) and C(r) with the scalar product induced 
by M (0). 

We recall from subsection 2.1 that, for s and s' sufficiently large, 7 s (m) and 
<£s,s'{ u ) are morphisms of trace class. Since r y s+s i(u) and 7 S (0) induce isomor- 
phisms in algebraic cohomology (cf. Proposition 2.5), so does ip SiS >(u). 
We thus can apply Proposition 1.15 to obtain 

(4.3) logT(C(i(u))+lo g n(g(u)) = log^(O)) + logT(C(^(u)) 

where C(ip SiS >(u)) denotes the mapping cone associated to ip SiS >(u). 

Since (Id + A(u)) s / 2 : H s (u)(A(M; £ )) -> H a (u){A(M; £)) is an isometry, we 

conclude from Proposition 1.16 that 

(4.4) T(C(^, s /(«)) = T{C(ln s+s ,, s (u)) 
where 

In s+S ,, s (u):tf s+S ,( U )(A(M;£)) -» ff a (0)(A(M; £ )) 

denotes the canonical inclusion. To analyze the torsion of the mapping cone 
(C U ,D) := (C(In s+s / ;s (u)),d(In s+8 / )S (u))), note that 



(4.5) 



Cuk 



H s (0) (A*- 1 (M; £)) © tf a+a , («) (A fe (M; £)) ; 

-dfe_i In a+a / ;S (M) 
d k 
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with inner product G Sl fe 1 , 0^2,^2 £ 

(4.6) (((wi,W2),KV 2 ))> := ((wi,wi)> a (0) + «W2,wi». + ,'(«). 

In order to calculate 4- \ogT(C(u)), introduce the zeroth order differential op- 
erators A k (0): n k (M;£) -> n k (M;£) defined by 

((w,w / »o(«) = ((A k (u)uj,uj'))o(0) 

and consider the zeroth order pseudo-differential operator 

B k (s + s'; u) : H a+a , (0) ( A fe (M; £ )) - H s+S , (0) ( A fe (M; £ )) 

defined by 

B fc (u) = B fe (s + s» := (Id + A fe (u))-( s+s ')A fe ( U )- 1 |-(A fe (n)(Id + A fe ( U )) s+s ') 

so that the following identity holds 

-^{(u,u')) s+s ,(u) = ((B k (u)u,u)')) s+s ,(0) . 

Let Bfc(s + s', u) be the bounded operator in 
C(H s (0)(A k (M;£)) © H s+s >(0)(A k (M;£))) defined by 



B k (u) = B k (s + s',u) := 
Then we have, in view of (4.6), 





B k (s + s' lU ) 



J-(((wi,w 2 ), (c^,w 2 ))) = {{B k {u){w 1 ,w 2 ), (wi.Wj))) • 

Proceeding as in [BFKM, Appendix 3], one obtains (cf. [BFKM, A3. 10]) in view 
of the fact that the complex C u is algebraically acyclic, 

1 n 

(4.7) ±\ogT{C u ) = -Fp z=0 ^$lx^\Y.{-V q Tr{B q {u)e-*^))dx 

q=0 

where A q (u) denotes the g-Laplacian of C u with respect to the inner product 
(4.6). 



By formula (1.23), 

A,(u) - 



?7 9 (w)* A 9 (u)+V 9 (w) 



where I 9 ^ \_ , q ) \ I is a nonncgative selfadjoint operator of trace class 



(s, s' sufficiently large). 
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By the remark after Proposition 1.5 we conclude, in view of definitions (1.5) 
and (1.7), 

(4.8) ^F Pz=0 — / x'-^WTriBMe-^^dx 

2 T(z) J ^ 

1 i r 1 " 

= - -Fp z=0 — x- 1 ^(-l)Tr( J B 9 ( U ) e -^(«)(H-P 9;u ))dx 

n 

1 i r 1 " 

= - -Fp z=0 —- X ^J2(-^ q Tr(B q (u)e-^)dx 

where P g;tl = P 9;u ({0}) is the orthogonal projector onto the null space of A q (u). 
Introduce 

n 

(4.9) a(x;u) := ^(-l) 9 Tr(S 9 (s; u) e - lA «( u >) 

9=0 



= £(-l)«7V((M + A,(u))- 



9=0 



^(^"^(^(^(Id + A 9 ( u )) s )e-^(")) . 



To investigate the right hand side of (4.8) introduce 

n 

(4.10) &(z; «) := £ (-l)«Tr (^(u)" 1 (^^(«)) e~ x ^) . 

9 =0 

According to [BZ], 

1 f 1 

Fp z = —— / x z 1 b(x;u)dx 
1 ( Z J Jo 

is, in the case where (j,(u) = p is constant, given by 
(4-H) - J M 0( P , M) A £ecs(M, ff (0), g(u)) 
and, when g(w) = g is constant by 
(4.12) f M ±V(p^(u)^(0))e(M,g). 

Actually, in [BZ], these formulae are proven only for the case A = C, but the 
same arguments work "word by word" for A arbitrary. In this paper 6(p,fj) is 
defined to be 1/2 of the corresponding quantity in [BZ]. 



57 



We will show that 

a(x; u) = b(x; u) . 

From the equality 

A((Id + A 9 ( M )) s (Id + A g ( u ))- s ) = 
and the commutativity of the trace, TrAB = TrBA, we obtain 



Tr((Id + A 9 ( u ))-M 9 ( u )- 1 |-(A 9 ( M )(Id + A q (u)y)e- xA ^) 
= Tr(A q (u)- 1 (^-A q (u))e- xA ^) 

ds 

= Tr(A q (ur\±A q (u))e-* A ^) + 



+ Tr((Id + A q (u))- S — ((Id + A 9 ( M ))- s )e- a;A ^ tt )) 



< oo . 



+ sTr((Id + A q (u))-^(A q (u))e-* A ^) 
= Tr(A q (u)-i^t^e-* A ^y) + s±Trf{A q {u)) 

where f(x, y) := - J™ f^dr. 

Since A q (u) is selfadjoint and nonnegative one obtains, for x > 0, 

/>OC />oo 

||/(z,A 9 (u))|| tr := / X\f(x, X)\dN Aq{u) < / A e - A W A?(ll) (A) 
Jo Jo 

Therefore, /(x, A g (u)) is of trace class for x > and 

n n 

^(-l^Tr/Or, A,(«)) = £(-l)«7V/(s,A+(«)) + 

n 

+ £(-l)«Tr/( a;) A-(«)) 

n 

= ^(-l)"(Tr/(x, A+(«)) - Trf(x, A"^)) 

9=1 

= 

where we used that A+(m) and A~(u) are isospectral and, therefore, 
Trf(x,A+(u))=Trf(x,A-(u)). 
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Thus, for any x > 0, 

j n 

a(x;u) = b(x;u) + s—J2(-^Trf(x,A q (u)) 

U q=0 

= b(x; u) . 
Note that by Proposition 1.12 

\ogT(C(i(u)) = X! (-l) indx nftM«),M0))(a:). 

xeCrh 

Combining these with (4.8)-(4.11), statement (i) in Proposition 4.1 and 
Proposition 4.2 follow. ■ 

4.2 Proof of Proposition 0.1 

We now prove Proposition 0.1 in full generality Let g be an arbitrary Rieman- 
nian metric of M and g' the metric given by the generalized triangulation r. 
Denote the corresponding relative torsions by IZ(g) and IZ(g'). Proposition 4.1 
and Proposition 0.1 in the special case considered in section 3 imply Proposition 
0.1: Indeed, denote by a(g') the density given in subsection 3.1 (D) and define 
a(g) :— a(g') + 9 A ecs(<?,<?') Clearly, a is a local quantity and satisfies (cf 
subsection 3.1 (B) and (D)) log 1Z(g) = j M \ Cr ^ ot{g). Further a(g) vanishes if 
H is parallel (cf subsection 3.1 (D) and Proposition 4.1(h)). ■ 

4.3 Anomaly with respect to triangulations 

In this subsection we investigate how the relative torsion depends on the trian- 
gulation. 

Suppose n = (hi,gi) and r 2 = ^2^2) are two generalized triangulation which 
admit a common subdivision tq = (ho, go)- Recall from [BFKM, Subsection 6.3] 
that To is called a subdivision of t\ if : 

(i) CV,(fci) C Cr q (h ), (0<q< n), W~{t q ) C W~{ Tl ), (x e Crfa)) 

and for any y G Cr(h\) 

(it) W-(n) = u :ceCr(?lo)iXeW - (ri) W7(To), 

where Cr q (hi) denotes the set of critical points of index q of hi (i = 0, 1,2), 
W~(n) denotes the unstable manifold of x e Cr(h\) with respect to the gra- 
dient flow — grad 9l (/ii) and go = g\, ho = hi in a neighborhood of the critical 
points of h\. 



59 



Given x G Cr(ho), there exist unique elements x\ G Cr(h\), X2 G Cr(/j 2 ) so 
that a; eW" fa) (i = 1,2). 

Introduce the function w = w To = w{t\, t 2 ; To): Cr(h ) — ► IR by setting 

(4.13) «;(*) := log vol(2£ Ia o (T^)" 1 ) 

where Tjf^ : £ x — ► £ Xj (j = 1, 2) denotes the parallel transport along an arbitrary 
curve in W~. (tj) joining x and Xj. Define Lu TltT2 = w(ti, t 2 ; t ) by 

(4.14) u; ri;T2 := ^ (-l) index < a; )w;(x). 

Notice that u)(t\, t 2 ; r ) is independent of the choice of To, i.e., 

(4.15) w(ri,r 2 ;f ) = w(ti,T2;t ) 

for any generalized triangulation fo = (ho, go) which is a subdivision of to- 
To see it, notice that for any y G Cr(ho), there exists a unique x G CV(/i ) 
with y G W-(t ). Use that T y % = T^ X] T^ X (j = 1,2) to conclude that 
Wf (y) — w TQ (x) and thus 

]T (-i) indcx ^W ( y ) = Wro (x) ^ (-i) indexfe) • 

yeCr(fto)nW-(r ) yeCr(fto)nW" (t ) 

As f is a subdivision of t 

^ ^_ 1 ^index(i / ) = Q 

yeCr(h Q )nW-(To) 

we conclude that w(ti, r 2 ; fo) = w(ti, t 2 ; to). Moreover, if n, r 2 and T3 are three 
generalized triangulation which admit a common subdivision To, then 

(4.16) Wti,T2 + w t 2 ,t 3 = W riiT3 . 

Proposition 4.3 Assume that the generalized triangulations n and r 2 admit a 

common subdivision t . TTien 

(%) logft(ri) - log7e(r 2 ) = uj TuT2 

(ii) If /j, is parallel with respect to the canonical flat connection of £, then 
TZ(ti) = 7^(r 2 ) provided n and t 2 /iaue a common subdivision. 

Proof: Statement (ii) follows from (i) by noticing that w(x) = 0, V x G Cr(ho) 
and thus u) Ti ,t 2 = 0. 
To prove (i), notice that 

logftfa) - logftfa) = (logftfo) - log^(ro)) + (logftfo) - logftfa)) . 
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In view of (4.16), it suffices to consider the case where ti = to- The subdivision 
T2 can be obtained from t\ by a sequence n = a\, . . . , un = T2, 
where <7j+i = (hj+i, 9j+i) is a subdivision of aj = (hj,g'j) with Cr(hj+\) = 
Cr(hj) U {xj+i, Uj+i} so that there exists Zj G Cr(hj) with xj + i,yj + i G W~ 
and indcx(xj + i) = index(zj) = index(y :)+ i) + 1. Recall that W~ = W~ h 
denotes the unstable manifold, associated to x G Cr(hj) and the gradient flow 
—gr&d gj hj. In view of (4.15), it suffices to consider the case where r 2 — To 
ease notation, we write r := t\ = (hi,g[), a := t 2 = (^2,52) z : = z ii : ~ x 2, 
y' := y 2 . Then, with q = index(z) 

!Cr q (hi) 9^9o,9o-l 
CV,(/h) U {!/'} 9 = 90-1 
Cr 9 (/n) U {a;'} q = g 

Consider the following commutative diagram 

Int s (r) 

H S (A(M,£)) — > C(r) 
Int s (o-)\ /A 
C(<r) 

where A 9 (0 < q < n) is defined as follows: for a section s G C°°(£ \cr q h 2 ) an d 
a critical point x G Cr q (hi), set 

^(*)(z) ~ E T ^( s (y)) 

yecr 9 (/ l2 )nw x - 

where T yx : £ y — > £ x denotes the parallel transport from j/toi along a curve in 
W~ = W~{t). The map A is a morphism of cochain complexes of „4-Hilbert 
modules of finite type which induces an isomorphism in algebraic cohomology. 
As Int s and A are of trace class, we then conclude from Proposition 1.15 that 

logft(r) = logTZ(a) + logT(C(A)) . 

Thus the claimed result follows once we show that 

(4.17) log T(C(A)) =ow. 

Formula (4.17) can be verified, using a localization argument: Consider first 
the case where /i is parallel. Clearly, Lj aT = 0. On the other hand, log7?.(r) = 
logger) = (Proposition 0.1 (ii)) and thus logT(C(A)) = log 1Z(t) -log 11(a) = 
. Hence (4.17) holds in this case. 

Further, if £ admits a Hermitian structure /xq which is parallel, then 
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(4.17) remains valid. Indeed, consider the following commutative diagram 

A 

C(a,fi) — > C(r,/i) 



Id Ti([tijU0 



A 

C(a,(i ) — > C{t,hq) 
Then, according to Proposition 1.12, 

logT(C(Id„)) +IogT(C(AW))) = logT(C(A, M )) +logT(C(Id T , AJ , AJ0 )) . 
By Proposition 1.14, (j = 1,2) 

logT(C(Id CT; ^ M )) - logT(C(Id T ,^ )) 

= 2(-l)«IOgVOl(Id,;^ lW) ) 



9 

-2(-l)«l0gV0l(Id,, T , MlW) ; 

= E (-l) ind6X(!/) logvol(Id, ; , ; , ) 
yeCr(h 2 ) 

- E (-^^^logvoiad,,,,^) 

l/€Cr(hi) 

= (-lj^^^logvol^/,^) 
+ ( _ 1) index (y0logvol(IdyAJAJo) . 

Combining the above equalities with log T(C(A, ^*o)) = we obtain 

logT(C(A, M )) = (-l) indcx (*')logvol(Id^, Al0 ) + 

+ ( _ 1) index (y ') logvol(Idy , AiAio) . 

Observe that 

logvol(Id x ^ ;W) ) = logvoLj(T x / ; z/) + logvol(Id z /^ W) ) 
and, similarly, 

logvol^d^^J = logvol M (Tj,/ ia;o ) + logvol(Id z /, MiM0 ) . 
As indcx(x') = index(y') + 1, this leads to 

logT(C(A,v)) = (-l) index ^')logvoV(T x ^0 
+ (-l) index ^gv y:ZV 2 ,) 
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which establishes (4.17) in the case where £ admits a Hermitian structure which 
is parallel. 

Now use a standard localization to conclude that (4.17) is true in general. ■ 



5 Proof of Theorem 0.1 
5.1 Proof of Theorem 0.1 

Consider the system T :— (M, p, p,g,r) = (M,£,V,p,g,r), with r = (h, g') 
and denote by X the vector field X := —gia,d g ,h. X defines a smooth map 
X : M\ Cr(h) — > TM \ M. Denote by 

fc = /3(M,p,p,g, T ) := (-l) n+1 6(p, p) M*(*(TM, g)) G n n (M\Cr(h); O m ). 

Observe that if p is parallel in a neighborhood of Cr{h) both a = ajr 1 by 
Proposition 3.2 (iii), and (3jr vanish in the neighborhood of Cr(h). 

Proposition 3.2 (ii) and the equalities (4.1) and (4.2") imply that for 
7(M, p, p, g, t) = a(M, p, p, g, r) or [3(M, p, p, g, r) we have 

(5.1) 7(Mi x M 2 ,pi <8> P2,gi x g 2 ,Mi ® /U2,n x r 2 ) = 
7(Mi,pi,£/i,/ii,Ti)e(M 2 ,52)dim(>V2) + 7( M 2, P2, g2, M2, r 2 )e(Mi, gi)dim(Wi). 



Choose a Hermitian structure po which is parallel in a neighborhood of 
Cr{h). Introduce the quantity 

S(M,p,p,p ,g,r) :=logTl(M,p,p,g,T) - / [3(M, p, p , g,r) - 

JM\Cr(h) 

-f V(p,p,p )e(M,g)+ £ (-l) ind ^V( P , p, p )(x) 

Jm xeCr(h) 

The proof of Theorem 0.1 uses the following four statements: 

(A) S(M,p,p,p ,g,T) is independent of p, p n , g,T. 
Therefore we write S(M, p) instead of S(M, p, p, po 1 g 1 t). 

(B) If p is isomorphic to its dual, then S(M,p) + (-1)™ +1 S(M, p) = 0. 

(C) S(M,p) = (—l) n+1 S(M,pti) where p$ is the dual representation . 

(D) 5(Mi x M 2 ,pi ®p 2 ) = 5(Mi,p 1 )x(M 2 )dimWi +x(Mi)5(M 2 ,p 2 )dim>V2. 

(A) follows from Propositions 4.1-4.3. and the formulas 4.1"-4.1" ' and 4.2'-4.2" '. 
Precisely, the independence of g follows from Proposition 4.1. and formula 4.2" , 
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and the independence of p from Proposition 4.2 and the formulas 4.1" and 
4.1" '. To check the independence on po one uses g = g' and proceeds as follows: 
Choose coordinates in a neighborhood of the critical points so that (T3) in 
the definition of a generalized triangulation is satisfied. Denote by D x (e) the 
disc of radius e and centered at x <E Cr(h) and put D(e) := \_\ xeCr (h) Ar(e)- 
Let po and po be two Hcrmitian structures parallel in the neighborhood of the 
critical points. A straightforward application of the definition of S combined 
with 4.1' - 4.2 V leads to 

S(M, p, p, p Q ,g', t) - S(M, p, p, p ,g', r) = 
= lim((-l)" f d{V{p,p ,p )X*^{TM,g'))- 

JM\D(e) 

-{-IT I V(p,p ,»o)e(M,g'))+ 

J M\D(e 

+ [ V(p,p ,p )e(M,g')- ]T (-l) ind *(V(p,p , p )(x). 

Jm xeCr(h) 

Using Stokes theorem and, when n is odd, the vanishing of e(M, g') one obtains 
S{M,p,p,p ,g' ,t) - S{M, p, p, po,g' , r) = 

= lim((-l)" f V(p,p ,Po)X*(*(TM,g'))- 

f -^° Jd(M\D(e)) 

- E (-V indx (V(p,Po^o)(x) = 

xGCr(h) 

= lim((-l)" +1 / V{p,p ,p )X*{*{TM,g'))- 

^° Jd{D(e)) 

- E (-V indx V(p,Po^o)(x). 

xeCr(h) 

Since V(p, po, po) is constant on each D x (e) one obtains 

S(M,p,p,p ,g',T) - S(M,p,p,p ,g',T) = 

= E V(p,p ,po)(x)((-ir +1 [ X*(*(TM, 3 '))-(-ir dx ). 
xeCr(h) JdD *U 

Since in the coordinates we have chosen 



ind x q n q 

X = E Xk Ti E Xk a — 

ox k dx k 

k=l fc-ind x+1 
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4.2*" implies that 



(-1)"+! f X*(V(TM,g')) = (-l) ind x 

and therefore 

S(M,p,p,p ,g',T) = S(M,p,p,p ,g',T). 

The independence of r can be verified in the following way: One considers a 
subdivision t' of r so that only those cells of t, lying in a contractible open 
set U, are subdivided. We choose po to be parallel on U in addition of being 
parallel in a neighborhood of the critical points of h and let p := po- Since 
uj T y as defined in subsection 4.3 is zero, it follows from Proposition 4.3 that 
S{M,..,t)=S{M,..,t'). 

If n and T2 are two generalized triangulations, one can find a third triangulation, 
to, which is simultaneously a subdivision of n and , up to a composition with 
a diffeomorphism of A'/ isotopic to the identity, a subdivision of t^. Since one 
can pass from Tj, z = 1, 2 to To by a finite sequence of subdivisions each of them 
involving subdivisions of cells lying in a contractible open set, the result follows. 

To check (B) we set p :— po and choose po with 9(p, po) = 0. In view of the 
assumption that p is isomorphic to p" this is possible (cf subsection 4.1). The 
result follows then from Proposition 3.2 (i). 

To check (C ) we choose again p — p . As 0(p",p o ) = — #(p, p ) and X TT) = 
—grad g i(n — h) = grad g ,h = —X T we conclude in view of 4.2"' that 

f 6(p,p )AX^ + (-l) n [ 6{p\pl)hX^ = Q. 

JM JM 

Statement (C ) follows once we verify that 

/ a(M,p,g,p,T,e) + (-l) n [ a(M, p\ g, p\ t v , e) = 0. 

JM JM 

With the notation from subsection 3.2 and in view of formula 3.13 and the fact 
that the g-Laplacian corresponding to (p, p, g, h) is conjugated by the Hodge 
star operator to the (n — g)-Laplacian corresponding to (p*, p", g, n — h), the left 
hand side of the equality above is f M <5jr(e) with 

(5.2) 5 r (e) = 5 Ah, e) := n/2 E q (-^ q+1 ^(h, e). 

We want to check that J M 5^(0) — and proceed as in the proof of Proposition 
3.2 (iv). Given the system T one chooses a system T with the same underlying 
Riemannian manifold (M,g), the same triangulation t, but with p the trivial 
representation over the same Hilbert module and with p a parallel Hermitian 
structure. 
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In view of 5.2, introduce W>(i, e) := § EgM) 9 logdet(A 9 (t) +e). By the same 
arguments as in the proof of Proposition 3.2 (iv) (Mayer Vietoris arguments), 
we conclude that 

FT t=oc {WAt, e) - W>(t, e)) = / 6^(e) - f 6^(e). 

JM\Cr(h) J M\Cr(h) 

The left side of the above identity is zero because by a straightforward com- 
putation 

W r (t,e) = nx(M)dimWloge = W^(t,e). 
On the right side of the identity, the term 

hi\cr(h) M e ) = I M \Cr(h)( a fi + (-i)" ^") is zero because in view of Propo- 
sition 0.1 both j M \ Cr i h \ c^jp and j M \ Cr i h \ a^-tt( e ) are zer0 f° r t fle trivial repre- 
sentation and a parallel Hermitian structure. 
Consequently j M \ Cr(h) MO) = 0. 

( D) Choose fj, :— fio- Then the statement follows from formula 5.1 Proposition 
0.1 and Proposition 3.2 (ii). 

Proof of Theorem 0.1 Step 1: We first show that S(M,p) is of the form 
S(M, p) = F(p; r) • x(M). Note that when p is isomorphic to p\ it follows, by 
using (B) for n odd and (C) for n even, that S(M, p) = 0. If x(M) = 0: choose an 
even dimensional manifold M' with nonzero Euler Poincare characteristic and 
with the same fundamental group as M and choose the representation p' := pK 
Since p ® is isomorphic to its dual, and in view of (D) 

= S(M xM',p® p J ) = S(M, p) ■ x(M') dim(W). 

Hence the result is true if x(M) = 0. 

Suppose x(M) ^ 0. For any M' with the same fundamental group as M and 
p' := p", by the same argument as above for the case x(M) = 0, one concludes 
from (D) that 

S{M'J) = -S(M,p).^^. 

X(M) 

This implies that for any closed manifold with fundamental group T, S(M, p) — 
x(M) ■ F(p;T), where F(p;T) depends only on the representation p up to an 
isomorphism. Notice that if p is isomorphic to its dual p", then by (B) and (C), 
F(p;T). X (M) = 0. 

Step 2: It remains to show that F(p; T) = 0. Given T, choose a closed manifold 
(M,x ) with dimM = 2n and T = tt^M^xq). Let M x := M, M 2 := M#CP(n), 
M 3 := CP(n), M 4 := S 2n . Observe that n 1 (M 2 ,x ) = t: 1 {M 1 ,x ) = T and 
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X(M 2 ) = x( M i) + {n- 1). Let (£i M t , V 4 ) be the following flat bundles: for 
i = l,2 the ones induced by the representation p and for i = 3,4 the fiat bundles 
induced by s, the unique representation on W of the group with one element. 
We show below that one can choose Hermitian structures, Riemannian metrics 
and generalized triangulations so that, by the locality of the density given in 
Proposition 0.1 (cf subsection 0.2, (PI),) 

(5.3) S(M#EP(n),p) -S{M,p) =5(CP(n),e) -S(S 2n ,e) 

On the other hand, by Step 1, 

(5.4)5(M#€P(n), p)-S(M, p) = F(p)-(n-l); S(VP(n), e) = 0, S(S 2n , e) = 
and the claimed result follows. 

To prove (5.3), decompose as a union of compact manifolds with boundary, 
M t = Mi(-) U M t {+) so that 

(a) Mj(-) U Mi(+) = Mi, Ni := Mj(-) n M t (+) ~ S 2 "- 1 ; 

(bl) Mi(-) - M 2 (-) ~ M \ Int(D 2n ); 

(b2) Mi(+) - M 4 (+) ~ £ 2 "; 

(b3) M 2 (+) - M 3 (+) ~<DP(n) \Int(D 2n ); 

(b4) M 3 (-) ~ M 4 (-) ~ £ 2n . 

Let Wi(-) and Wj(+) be the bordisms (cf [BFK2]), 

Wi(-) := (Mj(-),0, d(Mi(-))); W t (+) := (M i (+), 9(M i (+)) ) 0). 

The isomorphisms in (bl) - (b4) then become isomorphisms of bordisms. 
Denote by (£j(+), V,) respectively (£»(—), V») the restriction of the flat bundles 
£i to Mj(+), respectively to Mj(— ). Further we have the isomorphisms of flat 
bundles 

(cl) (£i(-),Vi)~ (&(-), V 2 ); 

(c2) (fi(+),Vi)~(f 4 (+),V 4 ); 

(c3) (£ 2 (+),V 2 )~(£ 3 (+),V 3 ); 

(c4) (£ 3 (-),V 3 )~(£ 4 (-),V 4 ). 

Choose Riemannian metrics <?i on Mi which are product like near Ni — 
Mi{—) PlMj(+) and generalized triangulations r» = (hi,g[) with <^ product like 
near JVj, a regular value for /ij, and /i^ 1 (0) = iVj. They induce generalized 
triangulations on Wj(— ) and Choose Hermitian structures on £j, parallel 

near the critical points so that (cl)-(c4) are isomorphisms of Hermitian flat 
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bundles. (This is always possible since the space of Hermitian structures which 
are parallel on a subset is contractible.) Using the locality of the density given 
in Proposition 0.1 (cf subsection 0.2, (PI)), (5.3) follows. 

Remark to Theorem 0.1 Theorem 0.1 answers the question raised by sev- 
eral experts in the field, if the formula of Bismut-Zhang can be extended to 
L 2 — torsion. Consider the system (M, £, V, p, g, t) where (M, g) is a closed Rie- 
mannian manifold, {£, V) a finite dimensional flat bundle equipped with a Her- 
mitian structure p and r a generalized triangulation of M. Suppose that M is 
connected and let x <E M. Let T be the fundamental group of M, T = tt\{M, x ), 
J\f the finite von Neumann algebra associated to T, p the holonomy represen- 
tation of T on £ XQ and p reg the regular representation of T on the TV— Hilbert 
module /2(F). Denote by p' the representation of T on the TV— Hilbert module 
^(r) ®(rj £ Xa given by p' := p reg ®§< p, by M. the flat bundle associated with the 
regular representation p reg and by po the canonical parallel Hermitian struc- 
ture on M induced from the scalar product on Z 2 (r). The flat bundle induced 
by the representation p' is M. ®(rj £ and is equipped with the Hermitian struc- 
ture p' = po&tp. Under the hypothesis of determinant class for the pair (M, p') 
(conjecturally always satisfied,) one can use Lott's approach [L] to define the 
L2— analytic torsion of (M, £, V, p,g) resp. the L 2 — Reidemeister torsion of 
(M, £ , V, p, g, t). It is straightforward to check that these torsions are the an- 
alytic torsion of (M, g, p' , p') resp. the Reidemeister torsion of (M, g 7 p' , p! , r) 
and that the local quantities expressing log 1Z, cf Theorem 0.1, are the same 
for (M, p' , p! , g,r) and (M, p, p, g,r). Therefore, by (2.15), the quotient of the 
L 2 — analytic and L 2 — Reidemeister torsions is the same as the quotient of ana- 
lytic and Reidemeister torsions . ■ 

5.2 An invariant for odd dimensional manifolds. 

For r a finitely presented group, and denote by Rep(T, W) the space of rep- 
resentations of T on the ^4-Hilbert module of finite type W. This space has a 
structure of a complex analytic space of infinite dimension when A is of infinite 
dimension. 

Let (M, xq) be a base pointed, closed, smooth odd dimensional manifold, 
with 7Ti(M, x ) = T, and let E be an Euler structure in the sense of Turaev cf 
[Tu] . Recall cf [B2] , [Tu] that the set of Euler structures on a base pointed con- 
nected manifold (M, xq) can be defined as the set of connected components of the 
space of continuous vector fields with the only zero at xo equipped with the com- 
pact open topology. Recall also that Hi(M; %) acts on this set freely and tran- 
sitively and because x(M) = there is a canonical identification between sets of 
Euler structures obtained by using different base points. By using the relative 
torsion we will associate a (real analytic) function F(M, E) : Rep(T, W) — > IR 
which is a smooth invariant for the triple (M, x , E). We will calculate F(M, E) 
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for M = S 1 x N, N is a closed simply connected even dimensional manifold and 
E the canonical Euler structure, defined below. In this case iri(M, xq) = % and 
the space i?ep(Z, W) can be identified with G^(W). Therefore we will denote 
a representation pbyAe GI_a.(W), A = p(l). 

Definition of F(M,E): 

First note that an Euler class E can be represented by the following data: 

(1) a generalized triangulation r = (h,g'), 

(2) a spray, i.e a collection of disjoint smooth embeddings a x : [0, 1] — ► M with 
a x(0) = x a , a x (l) — x, x G Cr{h). Let K := U X £Cr(h) a x([®, 1]) C M and refer 
to K as the spray defined by the curves a x . 

The data (1) and (2) provide a vector field X by taking X = —grad g >h 
outside of a contractible smooth regular neighborhood U of K and extending X 
inside U with the only zero at xq . This vector field determines an Euler structure 
and any Euler structure can be obtained in this way (cf [B2]). 
For a representation p e Rep(T, W) denote by £ p the fiat bundle induced from 
p and choose a Hermitian structure p in £ p , so that p is parallel in the neigh- 
borhood of x and p(xo) is exactly the scalar product of W ( £ p {xq) = W). 

Define 

F(M,E)(p) :=log1l(M,p,p,T,g). 

Using Propositions 4.1-4.3 one verifies that F{M,E){p) is well defined, i.e. is 
independent of the choice of triangulation, metric and Hermitian structure cf 
[B2] Main Theorem (1). 

Let M = N x S 1 with N simply connected and of even dimension. 
Choose the generalized triangulation rgi of S 1 = JRfE given by the canonical 
metric go and a Morse function with two critical points, a minimum at t\ and 
a maximum at t 2 , and choose as a base point t = 1/2. Suppose that < t\ < 
1/2 < t 2 < 1. Take K s i = [ti, 1/2] U [1/2, t 2 \. 

Choose a generalized triangulation r^r of N, a base point n and a spray K^- 
Consider the Euler structure on S 1 x N represented by t s i x t n and spray 
K = K s i x Kn with base point xq = to x uq. Denote by Eq the Euler structure 
defined by these data. Since N is simply connected this Euler structure is 
independent of the spray Kn and the triangulation tm and will be refered as 
the canonical Euler structure. 

The flat bundle induced by A is actually the tensor product of a fiat bundle 
induced by A on S 1 for which we choose a Hermitian structure parallel above 
[ti — e, t 2 + e], with the trivial line bundle on N, for which we choose a parallel 
Hermitian structure. 

Proposition 5.1 For the canonical Euler structure En described above 
F(N x S 1 ,E Q )(A) = -x(N)/2logdet(A*A)V 2 . 

Proof By the product formula for the relative torsion (use xi^ 1 ) = 0) 

\ogTZ(N x S\A,p,g,T)= X (N)logTl(S 1 ,A,psi,9o,Tsi). 
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We compute log7?.(5 1 , A, ■ ■ •) using Theorem 0.1. 

Note that fig 1 can be viewed as a smooth family fi(t), i £ R of scalar 
products in W with n(t + 1) = A -1 * y[i(i)A _1 and (i(t) = for t E \t\ + k - 
e,t2 + k + e], k E 1i and fi the scalar product of W. Recall (subsection 4.1) 
that 6(fj,)(t) = da(t) where a(t) = \ogvol(id : (W,fi(t)) (W,/zo)) which in 
particular says that a(i) = for t e [fi — e,t 2 + e]. Clearly a(l) — a(0) = 
log uoZ-A -1 . 

Further, * G fi°(T5 1 \ S" 1 ) (cf property 4.2™) is the function given by 
*(*,£) = 1/2 (V£ > 0) and *(a;,0 = -1/2 (V£ < 0). 

The vectorfield X : S 1 \ Cr(h) -> TS 1 \ S 1 is given by ~grad g ,h and thus 
the pullback of ^ by X is 

x*(*)(t) = 1/2 (Vte [o,i]\[t!,t 2 ]) 

and 

**(*)(*) = -1/2 (Vte(ti,t 2 )) 

Note that = —1/2 on the points where is zero. Combining the 

above computations, one obtains 

/ 6(»)X*(*) = l/2 [ e{»)= l -\ogvol{A- 1 ). 

By the formula given in Theorem 0.1, the claimed statement follows. 
■ 

Appendix A Lemma of Carey-Mathai-Mishchenko 



In this Appendix, we prove Lemma 1.14, using a deformation argument. 

Introduce f q (t) := tf q and d q (t) := ^ ^ and obtain in this way a 

complex (C*, d*(t)). 

By the same arguments as in the proof of Lemma 1.10 one concludes that 
(C*, d*(t)) is an algebraically acyclic, ^-regular complex of sF type. 

Therefore, (C*,d x (t)) has a well defined torsion T(t) := T(C*,d*(t)), given by (cf 
(1.21)) 

logT(i) = ±£(-l)*logdet((£(t)d,(t)). 
If ^logT(i) = 0, then 

log T(C) = logT(l) = logT(0) - log TiC 1 ) + log T(C 2 ) 
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where for the last equality we have used that d q (0) = ^ ^ 9 \ and tlicrc- 

fore A 9 (0) = ( A ^ ^ 
The remaining part of this Appendix is devoted to the proof of the statement 

|logT W = 0. 

Introduce the Hodge decomposition of C j ,C q = C q + ®C q ~(j = 1,2). The differ- 
ential dj :q then have the form 



d ■ - I ° -*>« 
'■" 



Further, decompose C q , 



(A.l) C q =C\+®C\~® 
Then, d q (t) can be written as 
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il,g 


a q 


fa \ 


d q (t) 










e q 


lq 













-2,9 














o / 


tOtg j (3q — 







= tig 


and 


7<J = tjq 



we deduce 

(A.2) d l q+1 e q = 0; e 9 +id 2 , 9 = 0; 
(A.3) d hq+1 j q + a q+1 d 2q = 0. 

As C 1 and C 2 are acyclic, and d 2 are isomorphisms, and (A.2) and (A.3) 
imply 

(A.4) e q = 

(A.5) 7 9 = -d^ q+1 a q+1 d 2q . 

Next, let us describe the Hodge decomposition of C* =: C+(i) © C~(t) 
of (C,,d.(t)). 



Lemma A.l 
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(i) C+ = Kerd q = - d 1 *a q y + ,y + ,0)\x + £ C 9 1+ ; y+ £ C g 2 +} 

(ii) C~ = Kerid*^) = {(0,x-, {d^ q a q )*X-,y-)\x- £ C\~; y_ £ C 2 q -}. 



Proof The statements follow from a straightforward verification. ■ 

We want to compute the ^-derivative of logT(£) = \ XX - !) 9 l°gdet(d£(i)e^(i)). 
Notice that 




As / is a morphism of trace class (cf Definition 1.10) we conclude that -§id* q d q {t) 
and therefore ^c£ g (i)e^(t) are of trace class. In view of Proposition 1.3 and the 
fact that (dgtydqlt))- 1 is bounded we deduce that ^(dg(t)dg(t))(d*(i)rf 9 (i)) _1 
is of trace class. Therefore 

^-logdet(d* q (t)d q (t)) = Trd^it^m^dqit))- 1 ). 



(A.6) 



Trii^dqit))^)^))- 1 ) 

:t)K(t)- i ) + 

= 2ReTr((£d q (t))d q (t)- 1 ) 



Triif^imiitr^+Tr^it)- 1 ^)) 



It is convenient to introduce D q := d q (t) and denote by D 1 the operator given 
b y D ^K +1 = and D~\^ = d q {t)-\ 

(A.7) Tr(D-^ t D q ) = TrQ^t)- 1 f t d q (t)). 

With respect to the decomposition (A.l), D q x and D q = -^D q (D q is indepen- 
dent of t) take the form 



A21 A22 
A31 A 32 



A 13 


A 14 \ 


A 23 


A 2 4 


A 33 


A34 


A i3 


An I 



000 % 
000 



/ n 





\ J 
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Thus 



/ 


a q A 31 + $ q A 41 




* 






* 


iqA 42 


* 


















V 











o / 



and 

(A.8) Tr(D q D q v ) = Tr(a q A 31 + $ q A 41 ) + Tr(j q A 42 ). 

Lemma A. 2 (i) A 44 = 0; 

(ii) {-A42 d^ q+1 a q+1 + A 43 ) = d 2 *; 

(iii) A 42 = -A 43 (d a 1 q+1 a q+1 )*; 

( iv ) <£i\ = A 43((i^ q+1 a q+1 )*(d^ q+1 a q+1 ) + Id); 

(v) A 42 = -d L 2. 1 q (Id+ {d^^aq^Yid^^aq+x))- 1 ^^^^)*; 

(vi) %A 42 = d^ 1 q+1 a q+1 (Id + {d^ +1 a q+1 )*{d^ 1 q+1 a q+1 ))- 1 {d^ q+1 a q+1 )*. 

Proof (i) Take x = {x+, 0,0,0) G C q . By Lemma AA,x £ C+ +1 . Then 



x = D q D q x X = 



f0d 1<q 


a q 


(3 q \ 




f A n x+\ 




( * \ 












Mi x+ 




* 








d.2.q 




A 3 i x + 




d 2 q A 41 x + 


\0 





J 




\A 41 x + j 




K J 



and therefore = d 2q A 4 \x + . As d 2 is an isomorphism we conclude that 
A 41 x + = 0. 

(ii) Take x(0,0,0,y_) £ C q . By Lemma A.l, x E C q . Then 

x = D-^DgX = D~ 1 (P q y_ , 7_ , d 2q y_ , 0) = 
= (*, *, *, A 41 (3 q y_ + A 42 7«jy- + A 43 d 2 q y-). 

In view of (i), A 41 = and thus 

(A.9) (A 42 lq + A 43 d 2 q ) y-=y- 

Recall that j q = —d^ q+1 a q+ id 2 q and substitute into (A.9) to obtain (ii). 
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(iii) As D n 1 L- =0 and in view of Lemma A.l, 

q 9+1 

= J D- 1 (0,a;_,(drj +1 a (Z+ i)*a ; _,0) = 

= (*, *, *, A i2 x- + A 43 (d^ q+1 a g+1 )*x-). 

Thus A i2 + Ai 3 {d^ q+1 a q+ i)* = which proves (iii) 

(iv) follows from substituting (iii) into (ii). 

(v) Notice that Id+ (di~,g+i a ?+i)* {d^ q+1 a q+ ij > Id is invertible and therefore, 
we can solve (iv) for A43. Substituted into (iii) we obtain (v). 

(vi) Substitute j q = —di q+1 a q+ id 2q into (v) to get (vi). ■ 
Lemma A. 3 

(i) a q A 31 + d lq A 21 = Id (on C? q ), 

(ii) A 31 = {d^ q a q )*A 21 ; 

(iii) a 21 = (id + (£;Jo,)(dr>,)*)- 1 £;;; 

(iv) a q A 31 = a q (c[[ q a q )*(Id+ {d^a^d^aq)*)- 1 d^ q . 

Proof The proof of Lemma A. 3 is similar to the one of Lemma A. 2. ■ 
Lemma A. 4 

(i) E q (-^ q Tr(D q D q ^) = 0; 

(ii) |logdetT(t)=0. 

Proof (i) Substituting Lemma A. 2 (i) and (vi) as well as Lemma A. 3 (iv) into 
(A. 8) leads to 

Tr(I) (?J D- 1 )=Tr(d (? A3i) + + Tr{%A 42 ) 

=Tr(a q (dl 1 q a q )*(Id+ {dj^aq)^^)*)- 1 ^) 
+Tr(d^ q+1 a q+1 (Id+ (i^ q+1 a q+1 )* (d^ q+1 a q+1 ))- 1 (d^ q+1 a q+1 )*) 
=Tr(a q (d^ 1 q a q )*(Id+ (d^a,)^^)*)- 1 ^ 
+Tr(a q+ i(d^ q a q )*(Id + (di^ g+1 a q+1 )* (di^ q+1 a q+1 ))- 1 d^ q+1 ) 

where for the last equality we have used the fact that Tr(AB) = Tr(BA) and 
(Id + AA*)- X A* = A*(Id + AA*)- 1 . Thus with r/ q := d^ q a q 

E q (-V q Tr(D q D^) = U-WTri&riild + wt)- 1 ^) 

- E(-i) 9+1 rr(d 9+1 ^ +1 (w+^ +1?7 * +1 Mri + i) 

= 0. 
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(ii) follows from (i) and (A. 6). ■ 



Appendix B Determinant class property 

In this appendix, we discuss the concept of determinant class and provide ex- 
amples of pairs (M, p) which are not of determinant class. 

Given an „4- Hilbert module W and ip 6 C_^(W) an operator which satisfies 
Opl — Op6, one says that ip is of determinant class (cf [BFKM]) iff 
(B.l) J 1 + logA^| ¥ ,|(A)>-oo 

where \<p\ = (<p* ■ p) 1 ^ 2 . 

It is not difficult to provide morphisms <p which are not of determinant 
class. For example for A = and W = h{%) = L 2 (6' 1 ;C), S 1 = R/Z, 

the multiplication by a function a e L°°(S' 1 ;C) defines an element <p = M a e 
jC^(W) which satisfies Opl — Op6. Take a : [0, 1) — > <C defined by a(x) — 
exp(— l/x 2 ). As F| Mq |(A) = p({x 6 [0,1], |a(x)| < A}), where p(X) denotes the 
Lebesgue measure of the set X, one can see that F| Ma |(A) = —(log A) 1 / 2 for 
< A < 1/e and the integral (B.l) is not convergent. 

Consider (K, r, p, p) where (K, r) is a CW complex with finitely many cells 
in each dimension, p is a representation of the group 7r = tti(K) on the A- 
Hilbcrt module of finite type W, and p is a Hermitian structure in the flat 
bundle £ — > JC induced by p. 

We say that (K, r, p, p) is of c-determinant class (cf [BFKM] ) iff the asso- 
ciated cochain complex of ^l-Hilbcrt modules of finite type C* (K, r, p, p) is of 
determinant class, i.e. Si, or equivalently the combinatorial Laplacians A?° , 
are of determinant class for all i. 

We also say that (M, g,p,p), with (M, g) a smooth closed Riemannian man- 
ifold and (p, p) as above, is of a- determinant class if the deRham complex 
Q*(M, p) of A- Hilbert modules whose Hilbert module structure is given by 
the scalar products induced by g and p, is of determinant class, i.e. di, or 
equivalently the Laplacians Aj, are of determinant class. 

It was shown in [BFKM] (actually only for p parallel, but the same argu- 
ments remain valid in the generality presented here) that the c-determinant 
class property is independent of r and p, the a-determinant class property is 
independent of g and p and both properties are homotopy invariant. Moreover 
for a compact manifold, possibly with boundary, the a-determinant class prop- 
erty holds iff the c-detcrminant class property holds. Therefore the determinant 
class property is a homotopy invariant for a pair (K, p) with K a compact space 
of the homotopy type of a CW complex, which can be defined both analytically 
and combinatorially. 

If p is a representation of T, induced by a homomorphism ir : T — > G, G a 
countable discrete group, on the Af(G)- Hilbert module W = /2(F), then (K, p) 
is of determinant class when G is residually finite or G is amenable. Recently 
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B.Clair [C] has verified the determinant class property when G is a residually 
amenable group. 

A representation p:iri(S 1 ) = % —> C J ^^^(L 2 (S 1 ;(E)) is determined by p(l). 
Assume that p(l) is the operator Mi+ a given by multiplication by 1 +a where 
a E L°°(S' 1 ;C). Consider the cochain complex induced by p and the generalized 
triangulation t = (h, g) with h(t) = cos ( 2 ^*)+ 1 anc j g ^he standard metric. As 
the triangulation r has one 0-cell E and one 1-cell E\, the cochain complex is 
of the form 

where S(E ) = E\ — M\+ a Ei = -M a E\. Therefore, 

\ogT comb = ilogdct(5*<5 = ilogdeta*a. 

Observe that (M, p) is of determinant class iff Ai a is of determinant class, thus 
for a(x) = exp(— 1/a; 2 ), as introduced above, (S 1 , p) is NOT of determinant 
class. We point out that the regular representation of ^ corresponds to the 
function a(t) = exp(27rif) — 1. 
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